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Résumé : Dans cet article, nous étudions un principe de déviations modérées vérifié par les
systemes stochastiques avec mémoire. Il s’agit d’un systeme décrit par I’équation différentielle
stochastique avec mémoire suivante :

dX; =0b(t, X5, X; )dt + \/eo(t, X7, X; )dW, t € (0,00)
Xi=v() t€[-70]
ou W est un mouvement brownien standard d—dimensionnel, b et o vérifient les conditions
lipschitziennes et sont a croissance linéaire; v est une fonction continue donnée définie sur
[—7,0].L’étude se fait avec la topologie hélderienne.

Xe— X0 Xf - X7

On présente ici I’étude des processus Y := (Y7 =

yeh(e)

dans le cadre du Théoreme de la limite centrale et du Principe de déviation modérée respecti-
vement. On utilisera la propriété de I’équivalence exponentielle et I'inégalité de transportation
de Talagrand a cette fin.

Mots-clés : principe de déviations modérées , systemes stochastiques, retard, inégalité de
transportation de Talagrand, équivalence exponentielle, norme holderienne.

Abstract : In this paper, we develop a moderate deviations principle for stochastic system
with memory driven by small multiplicative white noise. The system is described by :

dX: = b(t, X5, X: )dt + Jeo(t, X5, XE )dW, € (0,00)
X7 =(t) t € [-7,0]

)te[—r,m] et ZE = (Zf = —)te[—
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where W is a d—dimensional brownian motion, b and ¢ are Lipschitzian and have a linear

growth ;1) is a given continuous function on [—7,0]. One work in Holder topology.
X¢& — XO X¢E — XO
One focus on the study of Y* := (Y = ——=")ic|_rm and Z° = (2] = — == )ic|-rm]
€

Veh(e)

in order to get a central limit theorem and a moderate deviation principle respectively. For
the proof, we will use a theorem of exponential equivalence and Talagrand’s transportation
inequality.

Keywords : moderate deviations principle, stochastic system, delay, Talagrand’s transpor-
tation inequality, exponential equivalence, hélderian norm.

Introduction

Let W, := (W}, W2, ..., W]) denote a standard l-dimensional Brownian motion on a complete
filtered probability space (Q, F, (F;)i>0, P) with Wy = 0 and W, takes values in R? | Q =
Co([0,m], RY) equipped with the usual topology of uniform convergence defined by the norm

17l = sup |£(0)]

Let b : RT x R x R? — R? and 0 : Rt x R? x R? — R? ® R! be Borel measurable
functions with linear growth.

Let 7 > 0 be a fixed delay, and v be a given continuous function on [—7,0].

Consider the stochastic delay differential equation (sdde)

{dXt = b(t, X;, Xo—p)dt t € (0,00) (1)
X, =) t€[-70]

and the perturbed stochastic delay differential equation associated
dX; =0b(t, X7, X7 )dt + eo(t, X, X7 )dW; t € (0,00) @)
Xi =) t€[-7,0]

We study deviation of X*® from the deterministic solution X, that is the asymptotic behavior
of the trajectory of

1
Z°(t) = ——(X; — X
(1) = o (X7 = X0
where h(e) is some deviation scale which strongly influences the asymptotic behavior of Z¢.
1
If one put h(e) = 7 one get large deviations (LD) estimates. T. Zhang and S. E.A Mohammed
€

in [12] give the Large Deviations principle (LDP) for the family of {p.;e > 0} law of {X®;¢e > 0}
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in uniform topology. In our recent works in S. H. Randriamanirisoa and T.J. Rabeherimanana
[8], we provide an extension of the LDP to Hélder space if we consider the case Z = 0 and
Y =0.

In the classical work, Friedlin-Wentzell [5] studied the Large deviations for small noise, limit
of stochastic reaction-diffusion equations.
If one consider h(e) = 1, we are in the case of the Central Limit Theorem(CLT).

1
Set Yé(t) := %(X‘E — X). One shall show that Y converge as € | 0 to a random field. Then,

we will study Moderate Deviations (MD), that is when deviation scale satisfies h(e) — +00,
and \/eh(e) — 0 as ¢ | 0.

In this paper, we establish its moderate deviation principle (MDP) in the context of Héoder
norm. For this end, we will use Talagrand’s transportation inequality on path space established
in Djellout and al. [4] and measure concentration see in Bobkov and Gotze [1], Djellout and al.
[4], and Villani [9].

The paper is organized as follow : in the first section, we give basic settings and some useful
general results. We find the main results in section 2. In section 3 we will provide some useful
results. The last section is devoted to prove the results.

1 Basic Settings

Let us consider (2). W; is defined on some well filtered probability space (2, F, (F¢)i>0, P).
We always assume :
(Hy) : o0,b are locally Lipschitzian.
That means, there exists some constants L, and L, such that for all
T1, T, y1,y2 € R and t € [0, 00)

lo (21, 91) — o (- 22, 92)[Ragrt < Lo (|1 — 22] + [y1 — 12]) (3)
[6(-; 1, 51) = b(., 22, y2)[[Re < Ly(|z1 — @2 + [y1 — v2l) (4)
(Hy) :o(.,2,y),b(.,z,y) are uniformly continuous in x,y € R?on [0,00),
that means :
lim sup |o(s,2,y) — o(t,2,5)] = 0.
s—t a:,yE]R{d
lim sup |b(s, z,y) — b(t, z,y)| = 0.
s—t CC,yERd
(Hg) 2 bis Cl .

(Hy) : There exists C' > 0 such that

max{tr(co * (t,x,y)), (x,b(t, z,y)), (y, b(t,z,y))} < C(1+ |z|* +|y[*)
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where (z,y) = x.y is the inner product with (z,z) = |z|? and

(Hs) : There exist a constant K such that
sup{[b(t, z,y) + o(t, z,y)|} < K(1+ |z + |y]) ()

(2) has a unique non-explosive solution denoted by X® = (X7)ic[-rm under the conditions
(Hy), (Hz). Let ‘H denote the Cameron-Martin space associated with the Brownian motion W.

t
H={h(t) = / h(s)ds : h € L*([0,T]),h is absolutely continuous}
0

When ¢ goes to 0, we get :
lim P( sup |X;— X?|>R)=0, V R>0

Al te[—7,00)

where XY is the solution of the non-perturbed dynamical system (1). Let u° the law of X¢, uf
converges tightly to the degenerated measure ¢ yo.

Let  Cy([-7,m],R?) be the Banach space of continuous functions f:[—7,m]— R%
with f(t) = (t) for ¢t € [-7,0]; equipped with the sup-norm

If1l:= sup [f(?)]-
te[0,m]
Let Cy([0,m], R?) be the Banach space of continuous functions g : [0, m] — R?, with g(0) = 0.
For a precise asymptotic estimate of deviations of X¢ from the dynamical system X° T. Zhang
and S.E.A Mohammed in [12] claim that the law of {X[,e > 0} satisfies a LDP in uniform
topology on Cy([—7,m],RY) with the good rate function given by

NP I
inf{5 ["19(s)*ds; g € Cu((0,m], RY),
Ipp(f) = g absolutely continuous, F'(g) = f} (6)
400 otherwise

with F' is solution to

{ F(h)(t) = [ b(s, F(h)(s), F(h)(s — 7))ds + [ a(s, F(h)(s), F(h)(s — 7))dh(s) t € (0,+0c0)
F(h)(t) = (1) te[-7,0]
7)
Otherwise, I, pp = +00.
The subject of this paper is the problem of MDP for { X} },c[_+, in Hélder norm.
Let a > 0 and denote by C§([—7,m], RY) the set of a— Hélder norm continuous functions
i.e of continuous functions f : [—7,m] — R? such that f(t) =0, for t € [-7,0] , and
£ (t) = f(s)]

flla =suplf(®)|+ sup —F———" <
I =suplsol + sup
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The norm ||.||, is called the a—Hélder norm. It is well known that the trajectories of X are av—

Hélder continuous for a € [0, 5[

Let Cg([—7,m], R?) denote the set of «— Holder norm continuous functions i.e of continuous
functions f : [—7,m] — R? such that f(t) = (t), if t € [-7,0] and

t)— J(s
Il =supls@l 4 sup  VUZSON o
t [s—t|<1,s#t |t - S|
Define the holderian modulus of continuity of f by
t) —
7Y T (O )]

0<|t—s|<6;8,t,€[0,m)] |t - 5’a

Cg’o([—T, m],R?) denote a closed subspace of C§([—7,m],R?) defined by Cg’o([—T, m], R?) =
{f inCg([—7,m], R); lims_gwa(f,d) = 0} is separable.

Set xe _ X0
Y im (Ve = (T ) ©)
and
€ £ : & -}/vte
Z° = (Z; )ic|-r00) With Z; := % (9)

Here, we shall study the asymptotic behaviour of : Z¢ where

h(g) — +00 and +/eh(e) — 0, as e&—0 (10)
Through this paper, we always assume that h(e) satisfies (10).

2 Main result

In addition to (H;) — (Hj), one assume that b is differentiable with respect to the second
ob 0b

and last variable. And 9% 9u are also uniformly Lipschitz. More precisely, There exists some
x
constants Lg,, and L, such that :
b b
(b 9) = 5 (0,9)] < Lol — 1l (1)
b 0b
‘a_y@axa'r)_a_y(t?xvs)‘ < Layb|/r_8‘ (12)

YVt e Rt u,v,z,y,7, 5 € RL
Combined with the uniform Lipschitz continuity of b, one obtain that :

ob
|8_Z)’J(t’U7y)| < Lb
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b
—(t,z,r)| < L
A
vVt € RT, u,z,y,r € R
The purpose of this paper is to prove results concerning CLT and MDP which are satisfied
by Y and Z; respectively in Holder space.

First, let us recall a LDP for X¢ in Holder norm. This result is an adapted version of the
result found in our previous work [8] .
Theorem 1 (LDP) : Let u. be the law of X¢ solution of (1) on Cy([—7,m|;R?) , equipped
with the norm ||.||o. The family {u.,e > 0} satisfies a LDP with the following rate function

I'(f) =lim inf I(p)

a—0 pEB (f,a)
. 1 (™.
where I(p) = inf{é/ |h(s)|?ds;h € H : F(h,r,u) = p}
0
with F s solution to the differential delayed equation :

F(h)(®) = F(R)(0) + [y b(s, F(R)(s), F (k)
F R PG PO = te .00
t t

~
—
»
|
N
N—
N—
IS
V)

F(h)(t) =

That is ,
i) For any closed subset C' C Cz’o([—T, m|; R%)

limsup ¢ log p.(C) < — inf I*(f).

e—0 fec

ii) For any open subset G C Cz’o([—T, m]; R?)

limsup € log 1 (G) < — inf I*(f).
nsupelogc(G) < = inf (/)

- 1
where I* is a good rate function with respect to the topology of Cg’o([—T, m];RY),0 < a < 3

Proof : The proof is a particular case of the main result in our paper [8] with Y = 0 and Z = 0.
Next result is about the CLT.

Theorem 2(Central Limit Theorem) : Assume (Hy) — (Hs). Let suppose ? , ? and
Z Y

o verify all assumptions before. Then, Ya € [0, }l), r > 1, the random field Y¢ converge in L"
to a random field Y =Y° as e — 0 on C3([0,m],R?) determined by :

ob ob
d}/; = [%(?ﬁ, Xt, th‘r)}/t + a_y(t, Xt, th‘r)}/tf‘r]dt + U(t, Xt, th‘r)th t e (O, OO)

Y, =0 te[—,0]

(13)
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0b Ob Ob ob

where 97 = (a—xhgz’gd an a_y = (8_%)13511'

(]

By theorem 4 in the next section and in view of /eh(g) — 0, h(e) — o0, as € tends to 0.
One see that Z° obeys LDP on C([0,m],R?) with speed h*(e), and the rate function

ol f) = nt(5 [ 1h(OPdth e 1.GO0) = 1) (1)
where G is solution to the following deterministic equation :
dG(h)(t) = %(t, F(h)(t),F(h)(t —T1))G(h)(t)dt + g—Z(t, F(h)(t),F(h)(t —T1))G(h)(t — T)dt
+o(t, F(R)(t), F(h)(t — 7))h(t)dt t € (0,00)
G(h)(t)= 0 t e [—,0]

where F' is solution to (7). Hence, formally one get the following result.

Theorem 3(MDP) :Assume (Hy) — (Hs) . Let suppose o is continuous, b,0,b,0,b and o
satisfy assumptions above.

Then, for all a € [0, %) , Z° obeys a LDP on C4([0,m], R?) with speed h*(e) with rate function
Iypp defined by (14).

3 Useful results

Let us recall some useful results.
Theorem 4( found in [3]) : If an LDP with a good rate function I(.) holds for the probability
measure { e, > 0} which are exponentially equivalent to {fi.,e > 0}, then the same LDP holds
Jor [ie.
Lemma 5 : Assume (5).
Then, for any p > 2, there exist C' such that :

EIX=(0)" < C(1 + sup[y(1)[”)

Proof : One use a similar argument adapted as in Walsh [10], Theorem 3.2.
Proposition 6 : Assume (5) and v bounded.
Then, for all p > 2, there exist C(p, K, 0,b, 0,b, T, 1)) such that :

E(| X — X|L)P <e2C(p, K,0,b,0,b, T, 1)) — 0 as & — 0

Proof : One use a similar argument adapted as in Wang and Zhang [11], Proposition 3.2.
We will use Talagrand’s transportation inequality.
Let

W) =it [ [ dlegpan(o)t 1<p<so0
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LP—Wasserstein distance between u, v two probability measures on E.
p satisfies Talagrand’s Th—transportation inequality 75(Cr) on (E,d) if

Vv Wa(v, p)? < 200 H (v|p)

where H(v|u) is Kullback-Leibler information or relative entropy of v with respect to pu.

dv
log —dv V<<
Hiln) = 1% g
400 otherwise

Consider £ = L2([0,T];R?) = {¢ : [0,T] — R? measurable; ||¢||3 = f0T|gz§(t)|2dt < 400}
equipped with the distance dy(¢1, ¢2) = ||¢1 — P2||2. Let p° the law of X = (X7 )ic0,17 a pro-
bability measure on £ .

Lemma 7 : Assume that o,b are locally lipschitz functions, o bounded such that :

%(\(0(3, z,y) —o(s,u,v))(o(s,z,y) — o(s,u,v))*| + (x —u,b(s,x,y) — b(s, u,v))
+(y —v,b(s,2,y) — b(s,u,v))) < Llz —uf* + [y — v|*)

Then, for all e € [0,1] , u° the law of X° := (X{)icpr satisfies on (L*([0,T]; R?); dy)
Ty— Talagrand’s inequality To(C7r), where

_ llol3(exp((6 +2L)T) — 1)
' 6(6 +2L)

Cr

0 > 0 s taken arbitrary, and

ol = sup lo(t, z, y)v
(t,z,y)ERT xRIxRI veRY,||v||=1

< \/ sup  tr(oo*(u))

u€RT xR4x R4

<VM

Proof : One use a similar argument as in Ma, Wang and Wu [7] lemma 4.2.
Lemma 8 : Assume that o,b are locally Lipschitzian, and o bounded such that :

%(I(U(S, z,y) = o(s,u,0))(0(s,2,y) = a(s,u,v))"| + {z —u,b(s, z,y) = b(s, u, v))

+ <y - U,b(S,ZL’,y) - b(s,u,v))) < L(|CL’ - u|2 + |y - U|2)
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Then Ve € (0,1],7 >0
2

/|Y5\ dt%—E/ YePdn? > r) < expf{—g- ’
2C7

lo][3, (20T — 1)
6(0 +2L)
Proof : One use a similar adapted argument as in Ma, Wang and Wu [7] Lemma 4.3.

Set ®(p) = HS‘)\[XO

Since ||Y?|l = ®(X?), this inequality follow from lemma 7 by Bobkov-Géotze's

where Cp =

loo- @ is a lipschitz function on (LP([0,m]; RY);dy) with the lipschitz

constant —
\/_

criterion [1], Theorem 3.1.

4 Proofs

First of all, one suppose that b and ¢ are bounded . We will prove both theorems (CLT and
MDP).

4.1 Proof of Theorem 2

One has to prove that
hIIOl]E(H) c =3 OHa) -
e—

Ye(t) = ZHX() = X°()

t
/ {b(s, X5, X5_) — b(s, X°, X°__)}ds + / (s, X2, X5 )Y,
0

and

Yo(t)—/[gi( X2 X% )YOs) + g (s, X2, X0 )Yo(s—T)ds+/0 o(s, X2, X2 )dWw,

t
YE()-Y°(t) = / 05, X2, X5) — o(s, X, X0 )]dW,
0

+ /t[b(S7X§a XE—T) — b(S’X,S?Xg—T)
0 Ve
b oo o Db
(G (s, XD XY +
=A7(1) + A5(t) + A3(t) (15)

5, XJ, X0 )Y (s)}ds
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where

t
A1) / o5, X5, X5 ) — o5, X0, X°_)]dIW,

tb(s, X5, X5 ) —b(s, X%, X0 ) b ob
AE ) ‘g “rs—T1 Vs rs—1) g MY XO XO Ye e XO XO YO
)= [ | e (G (8 X0 XD JYE(s) + 57 X0 XD Y2 (5)})ds
ob

/0 122 (5, X0, X0 )(VE(s) — YO(5)) + 22 (5, X0, X2 )(¥*(s — 7) — YO(s — 7))ds

First, we shall estimate Aj5(t)A5(t), A5(¢t).

t
ELA (0P < [ LE(X(®) - X0)P),
0
Thanks to proposition 6, we have for p > 2

{ E(‘Xs(t) - Xo(t)|p) S gpgc(pv Ka Lme) (16)
E|A5(t)|P <ex2C(p, K, Ly, Ly).

Using Taylor formula, there exist a random field 6°(¢) (0, 1)4—valued such that :

b(s, X5, X5 ) —b(s, X2, X?

(s, Xz, H)\/E (5, Xy, Xamr) Z%(s,xﬁwa(s)()ﬁ = X0, XJ)YE(s)
ab

gy (5 X0 Xor + 0 (8)(XT s = XL )Y (5)

b b
Since g— and g— are uniformly continuous, we have :
T Y
b 0b
it XO € X¢© — XO XO i XO XO
57 (5, X0+ 07(8) (X2 — X, XD ) = 22(s, X0, X2

< Lo (| X7 4 60°(s) (X5 — XJ) = X7+ |XJ, +60°(s) (X, — XJ_,) — X ])
< Lo (167 (s) (X5 — X)) +16°(s) (X5, — X))
< Lazb(|X§ - Xg| + |X§77 - ng‘r‘)

Then,
t t

A5(1)] < / (X2 — XOY?|ds < V2O / Ye[2ds
0 0

Thus, we get for p > 2
E(|A5(1)])* <e2C (17)

t
A5 (1)) < / LolYE — YO+ LalYZ, — Y2 [lds (18)
0
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Using Gronwall’s inequality, we get

B(Y: =Y+ Yo, =Y [P) <eClp, K, Ly)

For p > 2, t € [0,T] by Burkholder-Gandy-Devis’s inequality, we get
t
E[AT(t) — Ai(s)” SCpE(/ [o(u, X5, X,) = ou, X3, X0 )P du) s

t
<C(p, L)E( / X5 — XO2du)’

S

Thanks to proposition 6, one has

E|AS(t) — AS(s)]P < Cp, K, Ly, Ly)eb |t — s|™> (19)

€ € ! b(u’XZin—r) — b(u’XSng—r)
45(0) = A5(s)P <( [ v
ob

ob .
- {%(u,XS,XS_T)Yu (u) + a_y(”’ X X )Yy (w)) }Hdu)”

t t
DX = X+ 1 = X Ddut [ [Lal¥]+ Lalve Jauy
So(pa K? Lla LQ: L37 L4>|t - S|p?72

E[A5(t) — A5(s)[" <E(

(20)
Similarly

UT‘

BLAS() — A5 <O Lo, L[ [V V01412, Yy
<C(p,K, Ly, Ly, L)t |t — s|"% (21)
Thus, by (19), (20), (21) there exist a constant C' independent of & such that :
EIYy — Y — (Y7 - YO)P < Cebjt —s|"F
Then, for all a € (0, 1), one can choose p € (2,3) such that :
lim |[Y* — YO, = 0.

It concludes the proof of Theorem 2(CLT).
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4.2 Proof of theorem 3

X:—X?
YVi="1t—"t  ¢>0.S0 Yy satisfies :
NG
1
dY;E = 7(b(tv Xta7 Xf—r) - b(ta X197 X?_T))dt + O'(t, Xta7 Xf—r)dVVt te (0’ +OO)
B
Ye =0 te[-7,0]
Since X7 close to X and X7 __ close to X! _, we have :
€ ob 0 0 € b 0 € € € €
d}/t = [%(t’ Xt 7Xt—T)}/t + a_y(t7 Xt 7Xt—7'))/;—7']dt + J(t7 Xt ’ Xt—T)th
ob ob ob ob
here — = (=— )1« d — = (5—)i<j<d-
where 70 = (5 isisa and - (ayj)lgjéd

Y should be close to Y determined by (13). Then, by Schilder’s theorem and the contraction
principle , Z¢ obeys the LDP with the speed h*(e) and the rate function Iy;pp(h) given by
(14).

Hence by Theorem 3, it is enough to show that Z¢ is h?(¢)—exponentially equivalent to Z°.
In other words, we have to prove

limsuph ?(e)log P(|| 2 — Z°|a > 0) = =0V §>0 (22)
e—0
As we first prove the case for b and ¢ bounded, we need the following Proposition.

Proposition 10 : b,o are Lipschitz functions, there exist some constant C(p, K,Cy) which
depend on p, K, Cy such that

E([|X° — X%|o)? <e2C(p, K,C,) — 0 as & — 0
Proof :

t t
X:— X7 :/0 (b(s, X5, X5 ) —b(s,XS,XS_T))ds—I—\/E/O o(s, X, X )dW,

t
X5 — X0, <(sup | [ [b(s, X5, X2_,) —b(s, X°, XO_)]|)”
te[0,7] Jo
t
ves(sup | [ ols, X5, X2 )dW,|)P

te[0,7] Jo

0

and J5(t)

t
Let J5(0) = [ [b(s, X5 XE_0) = b, X2 X0 s
t
/a(s,X;‘,X;‘_T)dWS.
0
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Since b is lipschitz continuous function, by Holder’s inequality :

t t
E(|lJ5]|)? < C( / 1ds)5E / (X7 = X))
0

1 1
where — + - =1
p g

t
E(]l 5|0 <c*E / o(s, X2, X5 )W,
0

t
<R[ [ o¥(s, X5, X7, )ds|>
0

<e:C(K,p)

Therefore, there exists some constant C(p, K, C,) such that
T p
E(|X° = X°[lo0)" < C(p, K, Cy)(E / (X = X0l )Pt + £5)
0

By Gronwall’s lemma, one obtain
E(|X° = X°||o0)? < £5C(p, K, Cy)eCP )

Recall
X;-X) 1 (! t
YE = = _/ b S,XzaX.ffT dS +/ o 57X§7X§77')]dW5
! NG Ve Jo ot ) 0 !

L ob ob
Y0 = — (5, X% X° Y72V + (s, X°, X% YZ° d
t /Ov[ax(& ER 577') s + ay(57 s 377) 577'] S

¢
—l—/ lo(s, X5, X: )]dW;
0

) ab ) b )
d(Y;f - Y;SO) :[%(thtonto—T)<Zt - Zto) + a_y(t7X1?7Xt0—T)(Zt—T - Zt()—T)]dt

+ [U(t, Xzfa thfT) - U(ta Xt07 Xr?ff)]dwt

1 £ €
+ %[(b(t Xt ) Xt—T) - b(t7 Xto7 X??—T))
b

ob . .
- (%(ta Xtoa Xto—'r)(Xt - Xto) + a_y(ta XE: XtO—T)(Xt—T - Xto))]dt

ab 0 0 e 0 8b 0 0 € 0 €
:[% (t, Xt 7Xt—7')(Xt - Xt ) + a_y(ta Xt ) Xt—T)(Xt—T - Xt—T)]dt + dUt
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t
Us :/ o(s, X5, X5 ) —o(s, X2, X2 )]dW,
0

1 /t 0 0
+ — b s,Xj,Xg_T —b(s, X;, X,
ob ob

- (%(Sa Xga X2—7)<X§ - XS) + a_y(‘S?Xg?Xg—T)(Xj—T - XS—T))]dS
Y —Y? =U? t@tXOXO @tXUXO J(s. )U?
t t t+ [a$(7 to t—7)+8y(7 t t—T)] (87 ) t
0

where J(s,s) = Id and

% = (%(t,XP,X?_T) + g—Z(t,X?,X?_T))J(S,t)Uf(s)ds for 0 <s<t

Since

0b Ob
(56X X0 + " X{X) w+ )| < Ll + [yl?)

One has
| J(s,t)u| < C(p, K,Cy)lu|  VyeR

As

ob ob 0b 0b
—(t, X2, X? —(t, X2, X2 V| = —(t, X?, X? —(t, X°, X?°
H8x< X, X ) + 83/( , X X %y’ves];:}’)l'u”gl“[ax( X, X)) + Gy( X X )l w)l

One has, for all t € [0, 7],

) b ab b
V= Y] UL+ g0 X XD ) + 520 X0 X Il K ) [ 1021

Ay
C(p7 K7 Cb)

7 Ul (23)

ob ob
< (1 + ||_(t7X2?7X7?—7—) + _(t’ Xz?a X?—T)HOO
ox oy

One has to prove
Proposition 11 : For allr >0

: _ Ue||
lim sup A ~2(¢) 1o P”—OO>7’ = —00
nsup h~2(e) log P 2 > 1)
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Proof
t
Uz < / <a<s,X§,X§_T> (s, X, XO_))dW
—|(b(s, X5, X5 ) —b(s, X2, XP )
\/_ S S—T S S—T
ob

0 O e 0 oo 0 O e yO0
(ax(SX Xo-) (X5 = X) 5 (5, X0, X0 ) (X5, — Xo))lds

t
1
M+ [ (b, X X2 = b, X0 X2 ))(XE — X
0o VE

where M; is a continuous martingale with
t
(M*)s :/ (0(5, X35, X5 ;) — o(s, X, X0 ) (o (s, X5, XS ) — (s, X, X[ ) ds
0

For all n > 0, one has :

Plsup M1 = "5 < P(sup (07| = T () <)+ PUM 2 )
(rh )
< 20 (-—3 —) +P(M7)r 2 )
< 2exp (- P 2
Since,

T
(M%) = / (o(s, X5, X0 ,) — o8, X, X)) (0(s, X5, XE ) —o(s, XJ, X[ ) ds
0

T T
gL/ |X;‘—X§|ds:gL/ YE|*ds
0 0

for some L. for € small enough, by proposition 1, one has :

. 11 1
([ Iveast < 5L
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Using lemma 8, one has :

P = 0) < B[ Pas > )

T 1 1 .1 1 .1
P((/ viras - epast > ()t -
1 1l
€ 2 — € 2 > = 2
< p(( [ perast - pepast > Y
< epi-g C’TL}
Notice that eh?(¢) — 0 and 1 > 0 is taken arbitrary, one get :
: —2 e Th(8>
limsup h™*(¢) log P( sup |M;| > ——) = —o0 (24)
e—0 0<t<1 2
1 ob 0Ob : : .
Since b € C" and 90 oa re uniformly continuous, for all 7 > 0 there exist some § > 0
x
such that : 9%
|b(8,$,y) - b(S,U,, y) - %(Sa%y)@ - U)' < |I - U’|
as | X7 — XP| <4
0b
|b(S,ZL‘,’y) - b(S,l‘,U) - a_y(saxay)(y - U)| < |y - 'U|
as |Xt€—T - XtO—T| S 6
Hence,
/ s, x xe )—b(s, x0, x0 ) — P x0 x0 ) (xe — x0)
\/_ S S—T Y E S—T ax S S
ob rh(e)
X0 XD N (Xxe | — XD )|ds >
(G XL X)X, = X2 lds = )
3 T (3 rh(g)
PUX* = X'l = 8)+ P [ 12510 > )

r rh(e)
P/ ze jdt > )
([ 17> T

By Freidlin-Wentzell Theorem :

limsup e log P(||X® — X% >6) =0

e—0
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and
limsup eh ?(¢) log P(||X® — X > 6) =0

e—0

T 1 T‘h(é‘f)
Since ¢ is sufficiently small, E( / | ZE2dt)2 < by lemma 7.
0

- 477\/T

Using Cauchy-Schwartz inequality and lemma 8, one get

P[> T < pu [z > T

“ldt)} — b)) > rh(e)
/ 172 |dt) IE/ 122 |at) 4W_)
< exp{— Eg;f C>Y>T}

Analogously,

alf (rh(e)’
P Vi i > D) < e~

Since 7 is taken arbitrary, one has :

T
1
imasup h72(2)log P | 2o X2, X7) = by X0 X2) = 525, X8, X2 )5 = X))
e—0 0 \/_ al’
- (G XU XD (X — X2 )lds = ) — oo (25)

One complete the proof of proposition 11 by (23), (24) and (25).
Next, one has to prove in Hélder norm.
Lemma 12 : For all § > 0,

limsup h2(¢) log P(|| Z° — Z°||o > 0) = —c0

e—0

Proof :
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Using Holder’s inequality, one has

t t
150 — 15660 <( [ 15206 X0 X0 loauys ([ v = V2w

s T
t ab 1 t 1
2 ([ I s X0 XY lrdu) / Ve, YO Pdu)

1 ! c 1 t c 1
Sng,aylt—slq[(/ Y; Ipdu)p+(/ Y2 |Pdu)?]

1
Choose ¢ € (2;3),a = — , one get
q

t
1
[FEY [P Caz,ay(/ (L +w)* (Y =Y o) du)r

Hence, for ¢t € [0, 1], one has

t
1
1Y = Y lla < C(p, 0:b, 0,0 5|2 + || 15115, +/ (1Y = Y la)Pdul»

Applying Gronwall’s lemma to g(t) = (||Y* — Y?°||,)?, one has :
(Y2 = Y°lla)” < Cp, Co,0,) (1 lla + 115 [la )PP T o)

It suffices to show that for 6 > 0,

li h™%(¢)log P(+1-2
i G

For e > 0,7 >0,
P(|[Iflla = h()d) < P(I[ITlla > h(e)d, [| X = X [lo <) + P(| X = X°||c > n)

Since
(o(s,2,y) — o(s,u,v))(0(s,2,y) — o(s,u,0))*| < L(|x = ul* + [y — v[*)

1
then, for each s > 0,0 < a < 5 and h(e)d > ndL,

(h(€)5)2)
2n%ld?

P(ILf[la = ()3, | X° = X0l < 1) < 2d exp(—
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Since X°¢ satisfy an LDP on 6’12‘70([0, m] : RY)
limsup e log P(||X¢ — X°||oc > n) < limsupelog P(|| X — X°||, > n)
e—0

e—0

< —inf{I*(f): If = X« > 1}

As I* the rate function for the LDP is a good rate function; it admits a compact set. One
reach inf{7*(f); || f — X°||a > n} to some function fo. I*(f) =0 if f = X", we may conclude :

mf {7 (f); | f = X°lla 2 m} <0
Since h(e) — oo and y/eh(e) — 0, when ¢ — 0, one has :

limsup h2(e) log P(|| X — X, > 1) = —c

e—0

As we take n > 0 arbitrary, one get :

. - Al
lim sup h~2(¢) log P Ii 2 <) = -0
nsuph-?(e)log T <)
For
F@—/ﬁlmeXEngx%W)yw@@XwW)W)
2 - 0 \/g ) S S—T ) ER S—T 8.13 ) ER) s—1/"s
b
(G5 XOX0 Y2 lds
Similarly as above, (in the proof of CLT) , one has :
1 € 0 2
(IX = Xl
I15(6) 1 < Cavas [ it
115 ( nouw | NG

Following the same argument as in the proof of proposition 1
X5 = Xl < 55 la
where

t
@@zﬁ/d%@ﬁﬁmé
0

Applying lemma 8 with |o(s,z,y)| < K. For each n > 0, one obtain for all ¢ sufficiently
small such that h(e)d > /e KL

(h(£)0)?
eK2l(1+ | X0 +n)?

P(|lI5]la = h(2)d, |X°| < |X°| + 1) < 2d exp( )
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Then,

limsup b~ () log P(IX7|a > [X°[la +n) < limsup h(e) log P(|X7 ~ X0 > 1)
e—0

e—0

So, one has :

: _ I5)|a : _ HE Veh(e)o
] h~2 1P”2 > ) <1 h=2(¢)log P(-21e >
im sup (¢)log (h(e) >0) < im sup (¢)log (h(e) 2 Cla k.0

112 VEh()d

< limsup h~?(¢) log P( NX e = 11X +n)

e—0 h(S) - C(CK, K7 Cb)
+limsup h%(¢) log P(|| X% ||a < || X°]ce + 1)
e—0
' —0
<(lim sup )

0 VER(E)C (o, K, Cp) K2 L(1 + || XO|o + n)?
V (limsup A%(e) log P([| X la < | X°]la + 1)
e—0

= —

The proof of the MDP in the case of bounded coefficients is complete.

4.3 o and b unbounded

For R > 0, define mg = sup{|b(t, z,y)|, |o(t,z,y)|;t € [0,m],|x] < R,|y| < R} and bf :=
(—mR—l)\/bi/\(mR—i—l), O-i],%j = (mR—l—l), 1 SZ,] S 2d.
Set bR = (bﬁ)1§i§2d and OR \— (Uygl?j)lgi,j§2d'
Then, bgr(t,z,y) = b(t,x,y), or(t,z,y) = o(t,z,y) for t € [0,m] , |z| < R and |y| < R .
Moreover, br and o satisfy Lipschitz condition.

Recall two results found in Mohammed and Zhang [13].
Proposition 13 :(Proposition 3.5 in [13]) Assume

[b(t, z,y)| < C(1 + |z] + |y])

ot 2, y)] < C(1+ [] + [y])

for all z,y € R?
Then, for allm > 1 ,

lim limsupelog P( sup )(|X{| > R) = —oc0

R—oo -0 —7r<t<m
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where X¢ is the solution to

dX: = b(t, X5, XE )dt + eo(t, X5, X5 )dW, t € (0,00)
‘Xrt6 = ¢<t> te [_Ta O]

Let X7 solution to the sdde

T T

dX7P" = bRt Xp ™ XD dt + VEoR(t, X7, XPD) AW, € (0, 00)
Xpf = () t € [-7,0]

Proposition 14 : (Proposition 3.6 in [13])Assume
[b(t, 2, y)| < C(1+ |2[ + [y])

o(t,z,y)] < C(1+ [z + [y])
for all x € R*

Fiz m > 1, then,

lim limsupelog P( sup )(|XF — X% > §) = —c
R—oo -0 —7<t<m
Now for any R > 0 large enough, og(t,z,y) = o(t,z,y) and bg(t,x,y) = b(t,x,y) for
z,y € R? and t € (—7,m) with |z|] < R and |y| < R, such that o is globally Lipschitzian
function, and bg is C' with Dby = 0,br + 0ybgr uniformly continuous.
Consider the solution Yf’R of the corresponding sdde

1
dYS = 2 (brlt, X5, XE ) = balt X7, XJ))di + on(t, XE, X7 )dWs t € (0, +o0)

yert =0 te[—7,0]
We have , by Proposition 14 :

limsup e log P(XF # X" for some t € [0,m]) <limsupelog P( sup |[Y:(t)| > R)

e—0 e—0 —7<t<m

< —00

Then, following the same argument as in the previous case (b and o bounded) , we complete
the proof of both results (Theorem 2 and Theorem 3).

O
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