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Introduction

For the last decades, Large deviations took the interests of many author. The re-
sults found with large deviations principle have important applications to many
areas including economics and finance field(see [7]), signal processing, statis-
tical tests(see [3]), information theory, communication networks, risk-sensitive
control and statistical mechanics(see [14], [18]). First rigourous results in large
deviations have been found by H. Cramer [4], he has used it to simulate insurance
operations.Then, S.R.S. Varadhan [18] developed fundamental work about large
deviations principle in 1967. After, large deviations theory has been studied by
more and more mathematicians, we can note the works of Schilder [17],Sanov
[15] ,and Freidlin and Wentzell[7]which show large deviations principle basis
tool.

Therefore, there is yet a little published papers about large deviations for
system with memory. M Scheutzow [16] is the precursor of study of large devi-
ations for stochastic system with memory, he worked in the context of additive
white noise.

In this paper, we observe the case of large deviations for random evolution
delay equations in strong topology. Our approach is similar to that in Mellouk
[10], with taking account induction argument in to handle the delay.

This paper is organized as follow: basic setting and notation are given in
the first section. In section 2, we have some definitions and general results on
the Large deviations principle(LDP).Then, the main result concerning the LDP
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for the solution of the stochastic differential delay equation (3.1) is stated in
section 3. Section 4 is devoted to a general approximate contraction principle
that meets our needs. In the last section(section 5), we prove that this version
of the contraction principle can be applied to prove the main result.

Throughout this paper, we will use the following notational convention: for
the proof, constants appearing are denoted by C, eventhough they may change
from one line to the next one.

1. Basic setting and notation

Let Wy := (W}, W2,...,W]) denote a standard l-dimensional Brownian motion
on a complete filtered probability space (2, F, (F)i>0, P) with Wy =0, Q =
Co([0,m], RY) equipped with the usual topology of uniform convergence defined
by the norm || f|loc = supg<;<,|f(t)] - For 0 < a < 1 we define the a-Holder
space Cg ([—1,m], R%) as the space of continuous functions f such that

1fla= sup LUZICN o
s,t€[0,m] |t 5|

Define the Holderian modulus of continuity of f by

wa(f,0) = sup M

0<|t—s|<é;s,t€[0,m] |t - S|a

Let b= (by,ba,...,bq) : Rt x R x R x RY — R? and
0= (0ij)i=1,..dj=1,.1: RT x RT x R? x R* — R? x R! be Borel measurable
functions.
Let 7 > 0 be a fixed delay, and ¢ be a given continuous function on [—,0].
Consider the following differential delay equation (dde):
M { dX(t) = dX; = b(t, Xy, Xo—r, Y )dt t € (0,00)
X(t) = w(t) te -0
and the associated perturbed stochastic differential delay equation (sdde)
a { dXg=b(t,Xs, Xs _Y(t)dt +e20(t, X5, XE ., Z)dW, t e (0,00)
X5 = (1) te [0
Throughout this paper, we will assume, without loss of generality, that the
delay 7 is equal to 1.
For 0 < a < 3, let C§([~1,m],R?) be the separable space of a-Hélder
continuous functions g : [0, m] — R! with g(0) = 0.
For 0 < a < §, denote by Cg([—1,m], R?) be the set of all a-Hélder contin-
uous functions f : [—1,m] — R< such that f(t) = v(t) for all t € [-1,0].
The goal of this paper is to derive an LDP in Cj([-1, m], R?) for random
evolution delay equations.

2. Definitions and general results

Let E be a topological space and F its Borel o-field, and let {P.,e > 0} be a
family of probability measures on (E, F). We begin by giving several definitions.

Definition 2.1: A function I : E — [0,00] is said to be a rate function
if it is lower semicontinuous(lsc) i.e. Ya, — x,I(z) < iml(z,) Furthermore,
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if, for each a < 00, T'y = {z € E;I(x) < a} is compact. We will say that I is a
good rate function.

Definition 2.2:For some function I, the probabilities { P. }.~0 satisfy a large
deviations principle if the following hold:

1. Iis a good rate function .

2. (lower bound)for every open subset G of E

liminfeln P.(G) > —I(G).
e—0

3. (upper bound) For every closed subset F of E

limsupeln P.(F) < —I(F).

e—0

It is well known that C’g([—l, m]; RY) is not separable but its closed subspace
defined by Cg’o([—Lm];Rd) ={f e Cg([—l,m];Rd);limgﬂowa(f, 0) = 0} is
separable.

Both Cy([-1,m]; R%) and CZ"O([—L m]; R%) are Banach spaces for the norm
[l and [|.]loc < ||-[la. It is well known that P(|[W|s < o0) =1 for 0 < a < 3.
We shall need the following version of the Arzela-Ascoli theorem .

Theorem 2.3: A set A C C’g’o([—l,m];Rd) has compact closure in

C’;Z’O([—l,m]; RY) if and only if the following two conditions hold :
sup||flla < o0
feA

and
lim SUp Wq, f 5 6)=0.
610 fea ( )

Let ‘H denote the Cameron-Martin space i.e

H = {h(t) = /O hods : [0,m] — R /Om|h(s)|2ds < foo).

This is an Hilbert space endowed with the inner product defined by :

<fa g>’H = /Om fsgsds (21)

If g € C§([0,m]; R) is absolutely continuous, that is, g : [0,m] — R! with
g(0) =0, set
e(g) = J;"1g(s)|*ds . Otherwise, define e(g) = +oo. (2.2)

Theorem 2.4: A good rate function I1(f) = inf{3e(9); F(g) = f}.f €
Cg’o([—l,m];Rd) and F(g) is a solution to the sdde (II).

Theorem 2.5: The probability measures induced by \/eW on Cg’o([(), m]; RY)
equipped with the norm ||.||e satisfy the LDP with the good rate function I(.)
defined by 1(g) = 5l9l%- (2.3)

It extends the LDP proved by P. Baldi and al[1] which extends the classical
Schilder theorem. We now state the Holder version of classical exponential
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inequality for stochastic integrals, which is crucial in proving the exponential
approximations.

Lemma 2.6: Let f : [0,1] x Q@ — R x R% and g : [0,1] x @ — R! be
bounded (JFy)-progressively measurable functions, and set
U(t) = [y f(s)dW, + [} g(s)ds;0 <t < 1.
Define A = sup, , tr(f(t,w)f*(t,w)) and B = sup, , g(t,w). Then, for every
SZO,TZ0,0<O[<% and r > |BT1—@

(r — IBT'~)>2

U@®) = U(s)|
P( sup ————= W] (2.4)

< 2l exp|—
s<t<s+T |t —s|® ) < 2lexp]

3. The main result

In this section, we give conditions under which the solution of the sdde defined
by

t t
‘w:x+/b@X@Xihmm&m%/a@xzxzhamws (3.1)
0 0

(where z € RY, W is a standard Brownian motion) satisfies an LDP in any
Holder norm with the exponent a < %

Let Y = {Y(t),0 < t < m} be a R%valued process which is {F; }-progressively
measurable. In order to make explicit the LDP rate function for the law of (I)
in the a-Holder topology , we suppose that Y is a random variable with values
in Lﬁ([o,m},Rd) . Let Z ={Z(t);0 <t < m} be an Fy-progressively mea-
surable process taking values in R?. We assume that suppZ is a compact subset
in C*9([0,m],R9), and that (Y, Z) and W are independent.

From now on, we suppose that the coefficients o and b satisfy the following
conditions:

(Ho) b= (b1,bs,...,bg) : Rt x R4 x R x R — R? and
o= (0ij)i=1,..dj=1,.,1: RT x R? x R? x R* — R x R! are Borel measurable
functions.

(H1)The function b(., z, Z, y) is jointly measurable in (z, Z,y) and there exists
a constant C' > 0 such that

16(. 2,7, 9) < C(L+|zl) for any(z,7,y) € R? x RY x R?

(Hz)The function o(.,z, &, z) is jointly measurable in (x, &, z) and there ex-
ists a constant C' > 0 such that

lo(,z,%,2)| <C for any(z,i,z) € RY x RY x RY

(H3) The functions b, o satisfy a Lipschitz condition. That is, there exist
constants Ly, Lo such that for all z1, 27, z2,y1,¥1,y2, and t € [0, 00)

16(t, z1, 21, y1) — b(t, 22, T2, y2)||lre < L1(Jz1 — z2| + |1 — Z2| + |y1 — y2|)

llo(t, x1,21,y1) — o(t, 2, Zaya)||Raxrt < La(lz1r — x| + |21 — @2| + |y1 — ¥2])
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The existence of a unique solution of (3.1) which is (F;)-adapted and has a-
Holder continuous sample paths, is ensured by (Hy), (H1), (H2) , and standard
results on existence and uniqueness of solutions of sdde with random coefficients
by (H3). For h € H, r € Lﬁ([o,m],Rd) and u € suppZ , let F(h,r,u)(.)
denote the unique solution to the dde

F(h)(t) = F(h)(0) +/O b(s, F'(h)(s), F'(h)(s — 1),7(s))ds

t
+/ (s, F(h)(s),F(h)(s—1),u(s))h(s)ds t € [0,00) (3.2)
0
The existence of a unique solution of (3.2) which is (F;)-adapted is a conse-
quence of the Lipschitz continuity of o and b and is standard.
Define I : Cz’o([—l,m];Rd) — [0, 00] by

i(h) = inf{%/ li(s) [2ds; h € H :
0
3

(r,u) € suppY x suppZ such that F(h,r,u) = h}

Otherwise, I(h) = 400
Since I is not necessarily Isc, we introduce its lsc regularization (see for
example Bezuidenhout [2], p 651) I* defined by

I*(h) =lim inf I(p) (3.3)
a=0 ,eB, (h,a)

where B, (p,a) is the ball of radius a centred at p with respect to the norm
[-lla- The existence of the limit on the right hand side of (3.3) is ensured by
the fact that inf _p ;) I(p) is a decreasing function of a.

The main result of the paper is the following.

Theorem 3.1: Let . be the law of X¢ solution of (II) on Cz’o([—l, m]; RY),
equipped with the norm ||.||. The family {ue,e > 0} satisfies a large deviations
principle with the following rate function

I*(f)=lim inf T
(f) = lim _jnf I(p)
where I(p) = inf{1 f0m|i1(5)|2d5; heH:
A(r,u) € suppY x suppZ such that F(h,r,u)=p}
That is ,
(i) For any closed subset C' C Cg’o([—l,m],Rd)

1i 1 C) < — inf T*(f).
imsup e npe(C) < Jnf, (f)

(i) For any open subset G C C;Z’O([fl,m],Rd)

limsupeln u.(C) > — inf I*(f).
nsupe Inpie(C) > — inf I°(f)
where I* is defined in (3.8)and I* is a good rate function with respect to the
topology of C’;Z’O([—l,m],Rd),O <a<i.
The proof is split into several lemmas. The rest of the paper is devoted to the
proof of this result.
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4. An extension of the contraction principle

Let (Ex,dx),(Ey,dy),(Ez,dz), (E’,d") denote Polish spaces and (9, F, P) be
a probability space. Suppose that {X¢,¢ > 0} is a family of random variables
with value in Fx. Y is a random variable with values in Fy. 7 is a random
variable with values in Ez .Given a rate function I on Ex and a > 0 , set
IFo={x € Ex:1(x) <a} and T, = U,T,.

Theorem 4.1 : Let I be a good rate function on Ex,Fn,F : 'sw X Ey X
E; — E', X5,X°:Q — E', be applications such that the following hold :
(a)

(i)For alla >0 and N > 1, Fn|r, xsuppY xsuppz 1S CONLINUOUS.
FNIr, xsuppY xsuppz converges to F|r, x suppY xsuppz Uniformly as N — oo.
(b) For each a >0 and N > 1, Fx({I < a} x suppY X suppZ) and
F{I < a} x suppY x suppZ) are relatively compact in (E',d’).
(c) For all N > 1,{X% : € > 0} satisfies an LDP (as e — 0 ) on E’ with good
rate function
T(Q) =ty it In(9

where B'((, p) denotes the ball of radius p centred at ¢ in (E',d’) , and
In(§) = inf{I(z) : Iy, 2) € suppY X suppZ  such that Fn(x,y,z)=¢E}

Proof: See Mellouk [10].

5. Proof of theorem 3.1

This section is devoted to proving main theorem by means of theorem 4.1. In
order to apply theorem 4.1, we use the following notation :
For0<a<%,set

(Bxdx) = (C3°(0:m]: R ).
(EY7 dY) = (L(lfa) ([Ovm]»Rd)7 HH%)?

T—a)
(Ez.dz) = (Co0(0:m RY, )

(B, d") = (Cy([=1;m];RY), |- ]|a)-

Throughout this section, Y = {Y(¢),0 <t < m} and Z = {Z(¢),0 < t < m}
are the processes defined in section 3. The rate function I is defined by

I(h) = {% /Om|h(s)|2ds,ifh € H}

Otherwise, I(h) = +o0
In the following, for a < oo, set 'y, = {I < a} and 'y = U,T',. For € > 0 and
N >1,set ty = % ([y] is the integer part of y).
Let X¢ = {X*(t), —1 < t < oo} be the solution of (II) and X§, = {X5(¢),—-1 <
t < 0o} be the solution the sdde

AX5,(t) = b{t, X5 (), X5y (t — 1), Y ()t

teto(ty, X (ty), Xty — 1), Z(ty))dW, (5.1)

We have to consider two cases.
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case 1: b, o are bounded
For (r,u) € LT ([0, m],R9) x C*0([0,m]; R%) , define the map
Fy () : C§0((0,m)s R x LT ([0, ml RY)x C0([0, m]; RY) —s C20((—1,m]; RY)
Fy(w,r,u)(t) =(t) —-1<t<0
Fy(w,ru)(t) = Fy(w,r, u)(%)
by +fk (s, Fn(w,r,u)(s), Fn(w,r,u)(s —1),7(s))ds
+o(k, Fy(w,r,u) (%), Fx(w,ru) (£ 1), (%))(w(t

~—

Let g € H and e(g) defined as in (2.2). For g with e(g ) <a
FN(g,T u)(t) = Fn(g,m,u)(5)
+fo ® FN (9,7, u)(s), Fn(g,m,u)(s —1),7(s))ds

+ [y o (), B (g, r, ) (B, B (g, ryu) (B — 1), u(5d)) g(s)ds
t €[0,00)
Fn(g,mu)(t) = (1) te[-1,0]

Notice that X% (s) = Fx(e2W,Y, Z)(s) where W is standard brownian.
Define In(f) = inf{3e(g); Fn(g) = f} for each f € C’g’o([—l,m];Rd).

Case 2: for any b and o
We remove the boundedness assumption on b and o.
For R > 0, define mp := sup{|b(¢, z, Z,y)|, |o(t, z, &, y)|;t € [0,m],|z| < R,|Z| <
R, |y| < R} and bl := (—mpg — 1) Vb; A (mpg + 1),

aﬁj =(—mrp—1)Vo;AN(mr+1),1<ij<d
Put bR = (b{%,bQR’, ,b(lf) and OR ‘= (Uﬁj)lgi,jgd-
Then br(t,x,z,y) = b(t,z,Z,y), or(t,z,Z,y) = o(t,z,Z,y), for t €

[0,m], |x| < R,|Z] < R,|y| < R. Furthermore, br and op satisfy the Lipschitz
condition (H3) with the same Lipschitz constant.
If g € H is absolutely continuous, set e(g) as defined in (2.2).
For g with e(g) < oo , and for (r,u) € Lﬁ([o,m],Rd) x C*0([0,m]; RY)
Jet Fr(g,r,u) be the solution to the dde
FR(gvr u)( ) FR(g,r,u)(O)
+ fo s, Fr(g,r,u)(s), Fr(g,m,u)(s — 1),7(s))ds
+f0 s, Fr(g,m,u)(s), Fr(g,m,u)(s — 1),u(s))g(s)ds t € (0,00)
X: = (h) te[-1,0]
Define Iy (f) = inf{%e(g); Fr(g) = f} for each f € C°([~1,m];RY).
The existence and uniqueness of the solution of (5.1) follows from hypothe-
sis (Hop)- (Hs) on the coefficients. Furthermore, the trajectories of X¢ and X§,
belong almost surely to C*%([—1,m]; R%).

To prove the central result : theorem 3.1 we will follow step by step the
assumptions of theorem 4.1. To complete the argument,we will remind some
results found in Mellouk [10](see also Y.J. Hu [9]). Precisely, these are lemma
5.1,5.2, 5.3, 5.4 and 5.5.

5.1 Continuity of Fly

We prove that
Fy () : G5 ([0, mJ; R < L= ([0, m]; RY) < C*0([0, m]; RY) — (=1, m]; RY)
(resp. Fg) is continuous . Fix N > 1 and let (hy, 71, u1), (he, 72, uz) € CS°([0,m]; RY) x
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L™ ([0,m]; RY) x C0([0,m]; RY) ; then set F\V(.) = Fy(h,rs,u;),i = 1,2
1 2
and Up () =FP() - FP().
Lemma 5.1: Given C > 0, there exists a constant Cy > 0(depending on N
and C) such that , for ||hi||aV]hz2]a< C

1N (e < Cnllh1 = hala (5.2)

5.2 Uniform convergence of Fiy to F on I', X suppY X suppZ

To verify assertion (a)(ii) of theorem 4.1, we use the following:
Lemma 5.2: For any a > 0,

sup sup (1Fn (B)()loe V I E(R)(loe) < o0 (53)
N ||hll%<a
Jm s (IEw(R)C) = F)()) =0 (5.4)

5.3 Relative compactness

We prove the condition (b) of theorem 4.1 from the following:

Lemma 5.3:Let I be the good rate function defined by (2.3), 0 < a < % and
K be a relatively compact subset of Cg’o([(),m]; RY). Then for each
N >1,a > 0, the sets Fy(K X suppY x suppZ), Fx({I < a} x suppY X suppZ)
and F({I < a} x suppY x suppZ) are relatively compact in C’g’o([o, m]; RY)

5.4 Large Deviation principle for X5 as ¢ — 0

For N > 1, we prove that the family X% = Fy(c2W,Y, Z) defined by (5.1)
satisfies on C5°([0,m]; R?) an LDP, and show that the rate function is of the
form (4.1). Since Fy is continuous on C"°([0,m];RY) x LT ([0,m]; R?) x
C*9([0,m]; R?) we use a version of the contraction principle. Schilder’s theo-
rem implies that £2 W satisfies an LDP on C&°°([0, m]; R!) with rate function I
defined by (2.3).
For N > 1, define Iy (f) = inf{I(h);h € H :

A(r,u) € suppY x suppZ such that  Fn(h,r,u) = f}, and let I}y be its
Isc regularization, ie

IN(f) = gg%geég(fm In(g)

An argument similar to that in the proof of theorem 4.1 shows that Iy, is a
good rate function and we check that {X5,e > 0} satisfies an LDP with rate
function Iy.

To prove lower and upper bound we use these following lemmas.

Lemma 5.4: Let G be an open subset of Cg’o([—l,m];Rd) ; then

liminfeln P(X§ € G) > —inf{I5(f): f € G}
e—

Lemma 5.5: Let A be a closed subset of Cg’o([—l,m];Rd) ; then
limsupeln P(X5 € A) < —inf{Ix(f); f € A}

e—0
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5.5 Exponential approximations

Finally, we show that {X$%,e > 0} defined by (5.1) are exponentially good
approximations of {X¢, e > 0} defined by

X2 (t) = X°(0) +/0 b(s, X*(5), X (s — 1), Y (s))ds

+a%/ o(s, X5(s), X% (s — 1), Z(s))dW,
0

Let us at first establish the following approximation.
Lemma 5.6:For any 6 > 0

§
limsup limsupeln P( sup | X5 (t) — X°(¢)| > —) = —© (5.5)
Nooo &0 te0,m] Ne

Proof:We prove (5.5) by induction on m. We first prove it for m = 1. Since
the drift coefficient b is not necessarily bounded, to prove (5.5) let us introduce
some auxiliary results.

Let 0<a< g8 < % and 0 < v < 8 — «; then by theorem 2.5

limsupeln P( sup |e2(Wi — Wit )| > NTF)
e—0 1<k<N N N

< limsupslnP(HE%WHg > N7)
e—0

1 1
< —inf{S 1kl 1Bl = N7} < =5 N (5-6)
Indeed, if h € H satisfies ||h||g > N7, the Cauchy-Schwarz inequality implies
|h]l2 > N7. Define the set

Bpne={ sup [e*(Wx —Wis)| < N7PH({e2W]|s < N7} (5.7)
1>k>N N N

by

1
limsupeln P( sup |E%(Wﬁ — W) < NPy < ——NP
e—0 1>k>N N N 2

lim li In P(Bg =— 5.8
Nim limsupeln P(Bf, ) = —oco (5.8)

Furthermore, on the set Bg . , by Gronwall’s lemma and the assumptions
of the coefficients b, o for ¢t € [—1,m], we deduce the existence of a constant
C > 0 such that

N t
X5y < O e Wy Wi+ [ (14 X5 ())ds)
k=1 0

t
< OB / X5, (5)]ds)
0
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As N is large enough, there exists a constant K > 0 such that fg\XIEV (s)|ds < K
and N7T1=8 >~ K. So,there exists a constant C' > 0 such that

X5 < ONVHP (5.9)

Set U4, (1) = X5 () —X°() and ty = [N then for t € [0,1] , W5, (¢) satisfies

Wi ( / {o(s, X5 (s), Xiv(s = 1), Y (s)) = b(s, X°(s), X*(s — 1), Z(s)) }ds

1

5/ {o(sn, Xn(sy), X5 (s=1),Y(s))—c(s, X°(s), X*(s—1), Z(s)) }dW4(5.10)

For p >0, we define 75 _(w) = inf{t > 0; | X (t,w) — X§ (tn,w)| >

0% (W) = inf{t > 0; [Wi (¢, w)| > %} AT (W)

and v}y (1) = fo{sam + U5 (t A 0% (w), w) 2} EdP
Then clearly,

)
P( sup [X5(5) = X°(t)] > ) < P(rh . <)+ PR <1) (5.11)
te[0,1] N ’ ’
Observe that P(Tﬁ,ys <1< P(TJ/\)L& <1,Bg~e)+ P(TI’\)[’E < 1»3/3,7,5)
First, we apply Stroock’s inequality (2.4) and expression (5.9), together with
hypothesis (Hp)- (H2) to obtain the existence of a constant C' > 0 such that

N

k-1 P

TNe <1) < ZP(’HSEEL . [ XK () = XN (=) 2 2 Boove) + P(Bjy.c)
k=1 N SIEN

(p— CANTHB(L1™)?
CEdZ(%)l—Qa

< CdN exp{— }+ P(Bg, )

12«

CN
< CdNeXp(—f) + P(B§., )
Since NY*te=8 — 0, as v < 8 — a, thus, using (5.11), we deduce

liI{fnlimsupeln P(1f. <1)= - (5.12)
€

Since suppZ is a compact subset of Cy ’0([0,m]; R), for every p > 0 there
exists Ng > 1 such that, for N > Ny,

sup |Z(t) — Z(ty)| < pN (5.13)
0<t<1

For 0 <e < i, set py =+ and f. ,(y) = (p% + ly|?)
Then, an application of Ito’s formula to f. ,(¥%(t)) yields that

tAOR: 2
fe o (TS (EA 05’\}5 - o e 92 y(s)ds — p5; , is a martingale, where , if < .,. >

is the inner product in R® ;

2 . :
9N () = Z (o + [Tx (1)) 7
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(Wi (1), b(t, X§ (), X§ (t = 1), Y (8)) = b(t, X°(8), X°( = 1), Y (2)))

+ g(é —1)e
(o (t, X5 (tn), X5 (ty — 1), Z(tn)) — o, X=(2), X=(t = 1), Z(1))) Wi ()]

1

(oi + TR () 7=

+llo(ty, X5 (tn), X5ty — 1), Z(ty)) — o(t, X°(t), X°(t — 1), Z(1))||?

1

(o + TR (D)7

For 0 <t < Tﬁ,’e, using (5.13), we have, for N > Ny and 0 < ¢ < % that
there exists C > 0 such that

p 2 2 € 2\ 1 |\IIE (t)‘ € €
192 n(B)] < CE(PN + [P ®)7)= mpﬁv(t) — Xe(t)]

|\I/§v(t)|2 2 2y 2
ANOE (g% s (0f2) =
Ao+ 1w, (P T ]

+OIZ ~ 11 +12(ty) - 20}

1

+C{ox +1Z(tx) = Z)PH (px + [T (1)) =

W ()l

1
<C-f.,(V50#) —
= Ol U O s o

dloy sk 5 ()P
E TR RO A T 150

E Jeo (TN (1))

Z(ty) = Z®)1? |95 @)
P+ RO PR+ 1W5 (1)

+C|§_1|‘ |2f67p(\1’§v(t))

X+ 1Z(ty) — Z(t)]
px + [T ()]

P ? .
+C fs,p(\IjN(t))

Z(ty) — Z(1)

SCUC+ 1)+ (L SO ) (85 (1)

1
< O Lo (W5, (1)
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This together with Doob’s stopping theorem, shows that there exists a con-
stant C' < oo independent of N, e, p and Ny such that, for N > Ny

2 O [t
vaﬁ(t) <py+ z/o vﬁ,ﬁa(s)ds t € [0,1]

(see, for example, Deuschel and Stroock [6], p. 30)

Therefore, for N > Ny, Uf\,ﬁ(l) < exp{%(C +2Inp—2alnN)}
Since for all N > 1, P(Gf\,’i <1< (”Ji,%‘zz)*évlpvys(l)

We conclude

lim sup limsup e In P(Q}O\}&s <l)=-0
P=0 N 0 ’

This together with (5.11) and (5.12) implies (5.5) for m = 1.

Assume now (5.5) holds for some integer m. We will prove it is also true for
m+ 1.

Let Vg, 7y , be defined as before.

Case 1(b and o are bounded)
In addition, we introduce two new stopping times.

TN = inf{t > 0| X°(t = 1) = XR(t - 1) > 35}
T = inf{t > 0; | X5 (t — 1) — X5 (EA RN L}
e 7 N N N - N«

~ and define 5, (1) = U (t ATy, A TR, ATR,,) and
05, = inf{t > 0,[05 (1) > 2=
Then,
5

P( sup [¥% @) > —
(s (0] > )

< P(T}\,’Ep /\sz\,’ep /\T]E\f,p >m+1)

)
+ P(t<su131\X€(t) — X5(t)] > Vo NG AT AT, > m+ 1)
<m

< P(ry%, < m+1)+P(ryo AR, < mA1)+P(05,, < m+1) (5.14)
Then,
lim limsupeln P(vayp/\T]%;_’Ep <m+1l) = —o0 (5.15)

N—oo ¢50

By the induction hypothesis,

lim limsupeln P(le\f,ap <m-+1)

N—oo =50

< lim limsupelnP( sup |X°(6)-X5 ()] > -2) = — (5.16)
N—oo  ¢40 —1<t<m N«
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Using (5.14) and (5.15) and following the argument for m = 1, we see that
(5.5) is also true for m+ 1. O

Case 2(b,0 are not bounded)
Set W5,(t) = X°(t) — X§(t) For Ry > 0, define 65, = inf{t > 0;|X°(t)| > 42
For any R > Ry, we have

tAO5,
U (tA0R,) =/O [br(s, X°(s), X*(s—1),Y (s))=br(s, Xz(s), XR(s—1),Y (s))]ds

[NIE

tA0%,
+e /0 [or(s, X°(s), X (s—1),Z(s))—or(s, Xg(s), Xr(s—1), Z(s))]dW, (5.17)
For p > 0, let vA(y) = (p* + |y|?)* and

T = {2 0,X(t = 1) = Xj(t - D > 22}

. )
%,p = lnf{t > 07 ‘W%,p(tﬂ > m
where \I/ap(t) = UR(EAOR, A T}E%”U)
Then,
€ Ry 3 € €
P( sup |UR(t)] > —-) < P(R, < m—|—1)+P(0Rp < m+1)+P(TRp < m+1)
—1<t<m+1 N« ) ,
R
<P( swp X0 > 57)
—1<t<m+1 N«
+P( s X5 - XG(0)] > %) + P05, <m+1) (5.18)
—1lstsm
By the induction hypothesis
lim limsupeln P( sup |X°(t) — Xi(t)| > L) = —00 (5.19)
R—00 ¢ 40 _1<i<m N«
By Ito’s formula
tAOS ATE ,
BV, (0) — | (s)ds - p (5.20)

is a martingale with initial value zero where
75(8) = 2M(p% + [WR(s) )M
(Wk(s),b(s, X°(s), X*(s — 1), Y (s)) — b(s, Xg(s), Xg(s — 1), Y(s)))
+2A(A = De(p® + [TH(s)[))* 2
|(0(s, X% (s), X*(s—1), Z(s)) —0 (s, X7 (si), X (5 —1), Z(sn))) Ui (5)|?
+Ae(p? + [Wi(s)[)*
lo(s, X=(s), X*(s—1), Z(s))~0 (s, Xi(sn)s X (5n—1), Z(sn)) 1.5



LDP for REDE in hélder space 30

For s < 15/\9§21 /\Tfhp
75(8) S CA+ AN+ D)) (p* + [U5(s)[))

Choose A = %, and take expectations in (5.20) to obtain

o=

B + ¥, (0 < ot + S [ LGP + 196, () s

Hence,
1 2 Ct
Bl(p* + V% ,()*)<] < p= exp =
Since,
. 1
(0 +0%)F PO, < m+1) < El(p? + | W p(m + )]
we have 9
P L Z(m
POr, <m+1) < (55 55)7 exps Y
Therefore 2
. P
1 InP(#;, <1)<In(——=)+C
e POk =D =)+

Given M > 0, choose p small enough so that ln(p«j’%) +C < —2M
Choose Ry so that

limsupeln P(Tf—i’p <1)<-2M forR> Ry

e—0
So, we have
. . 5] g 5
lim limsupeln P( sup |X°(t) — Xg(t)| > =) < —-M
R—00 0 —1<t<mt1 R~

Since M is arbitrary, it follows from (5.17), (5.18), (5.19) that

)
lim limsupeln P( sup |P%()] > —
R—00 ¢ C1<t<mt1 R«

)

2
<limsupeln P( sup [X°()| > Ry) V{In(—5—%)
=0 —1<t<m+1 p? 44

+C}

By using Proposition (3.5) in [12], letting first p — 0 and then R;, we obtain
(5.5) form+1. O
Lemma 5.8: For any 6 >0

limsuplimsupeln P(|| X5 () — X*(t)]|o > 0) = —0
N—o00 e—0
Proof: See Mellouk [10].
Remark:
1- If b and o are independent to the random variables Y and Z, we have a
generalization of LDP for stochastic systems with memory in Holder topology
(refer [10]).
2- If b and o are dependent to Y and Z, and the equation has no delay, we have
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a LDP for random evolution equations ([8], [13]).
3- LDP found here can be extended to the case where there are several delays.
As example, two delays 71, 72 are allowed in the equation (II), and we have:
dX§ =b(t, X7, X5 ., Y, Y )dt + E%U(t, XE, X5 1y 2ty Zy—ry ) AW
(111) t € (0,00)
X:=9(t) t € [—7,0]
Here, we consider 7 = 71 V 75 then we use the same argument.
It would be interesting to extend this result to another strong topology such as
Besov space.

References

[1] P. Baldi, G. Ben Arous, and G. Kerkyacharian, Large deviation and Strassen
law in Holder norm. Stochastic Process. Appl., 42,(1992), 171-180.

[2] C. Bezuidenhout, A Large Deviations Principle for small perturbation of
random evolution equations. Ann. Probab., 15,(1987), 646-658.

[3] H. Chernoff, A measure of asymptotic efficiency for tests of hypothesis based
on the sum of observations. Ann. Math. Stat., 23, (1952),493-507.

[4] H. Cramer, Sur un nouveau théoréme-limite de la théorie des probabilités,
Actualités scientifiques et industrielles, 736,(1938), 5-23.

[6] A. Dembo, and O. Zeitouni, Large Deviations Techniques and Applications.
Boston: Jones and Bartlett (1993).

[6] J. D. Deuschel, and D.W. Stroock, Large Deviations. Academic Press,
Boston, San Diego , New York,(1989).

[7] Elsanosi and al, Some solvable stochastic control problems with delay, Stochas-
tics, 71, (2000),69-89.

[8] M.I. Freidlin, and A.D. Wentzell, Random perturbations of dynamical sys-
tems, Springer-Verlag, New York, Berlin, Heidelberg, Tokyo, (2000).

[9] Y. J. Hu, A large deviations principle for small random perturbation of ran-
dom evolutions in Holder norm. Stoch. Process Appl., 68, (1997), 83-99.

[10] M. Mellouk, A large Deviations Principle for random evolution equations.
Bernoulli, 6(6),(2000), 977-999.

[11] S-E A. Mohammed, and T. Zhang, Large Deviations for stochastic systems
with memory. Discrete and Continuous dynamical systems- serie B, 6(4),(2006),
881-893.

[12] S-E A. Mohammed, Stochastic differential systems with memory :theory,
examples and applications, Stochastic analysis and related topics VI, Boston,
(1998), 1-77.

[13] L. I. Rajaonarison, and T. J. Rabeherimanana, Nouveaux résultats sur les
petites perturbations d’équations d’évolutions aléatoires, Ann. Math. Blaise
Pascall9, (2012), 276-296.

[14] D. Ruelle, Statistical Mechanics, Rigorous Results. New York : Benjamin,
(1969).

[15] I. N. Sanov, On the probability of large deviations of random magnitudes,
Mat. Sb, N.S. 42,(1957), 11-44.

[16] M. Scheutzow, Qualitative behaviour of stochastic delay equations with a
bounded memory. Stochastics, 12, (1984), 41-80.

[17] M. Schilder, Some asymptotic formulas for Wiener integral, Trans. Amer.



LDP for REDE in holder space 32

Math. Soc., 125,(1966), 63-85.

[18] S. R. S. Varadhan, Diffusion processes in a small time interval, Comm. Pure
Appl. Math, 20,(1967) , 659-685.



