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SOME RESULTS ON LIE ALGEBRAS FROM CONNECTIONS

PRINCY RANDRIAMBOLOLONDRANTOMALALA

ABSTRACT. In this paper, we consider a smooth manifold M of dimension n, TM de-
notes the tangent bundle of M without the null section. Our main goal is to see some
remarkable algebraic properties of the Lie algebra r of vector fields on 7 M whose the
Lie derivatives vanish a Grifone’s connection I', those of the curvature nullity space of
T" and those of the set of all Grifone’s connections on M, by global ways such as the
study of (m > 2)-derivations, the Chevalley-Eilenberg cohomology, of the Lie algebras
generated by these considerations, and by local methods such that relations becoming
from system of partial differential equations between all elements of these Lie algebras
which permit their local forms to be well known. Especially we compute all (m > 2)-
derivations, cohomology of the Lie algebra of infinitesimal automorphisms of I" and of
its normalizer both sub-algebras of 2.

1. INTRODUCTION

Let M be a smooth manifold of dimension n and we denote T'M its tangent bundle where
T M the bundle T'M without null section. On M we define a connection of Grifone I', that
is to say a smooth 1-vector form on 7 M such that JT' = J and I'J = —J with J the tangent
structure on TM cf. [11]. Give this connection is equivalent to the existence of direct split
of the bundle TTM of TM to H(TM) & V(T'M) where h = Z£L the horizontal projec-
tion, v = 5L the vertical projection of I' and H(TM) = Im(h), V(T M) = Im(v). The
connection I' defines an almost product structure such that I'? = I where I is the identity
mapping. It permits h to be associated to the eigenvalue 1 and v to the another —1 of T'.
We note by 2 the Lie algebra of all vector fields in 7 M vanishing I by Lie derivative,
Mg the nullity space of the curvature R = —3 [k, h] of I'. That is 9 is the set of vector
fields on 7 M which vanish the 2-vector form R in the first argument for all vector fields on
T M in the second one. To make this paper easy to read, we divide it into three different
sections.

The first section consists in the study of the Lie algebras relative to 2ir and to 9z by
relatively global methods. In [11], we have studied derivations of some Lie algebras as-
sociated to Ar and to Dig, such as the horizontal parts 91’11 of Ar and ‘ﬁ}}é{ of Ngr, and
computed the first spaces of cohomology of Chevalley-Eilenberg which come from. One
generalization of derivations of a Lie algebra is (m > 2)-derivations where m > 2 an in-
teger, having the following properties: the Lie algebra of all derivations is in the one of
all (m > 2)-derivations (m fixed), we obtain the triviality for m = 2. But the converse is
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false in general cf. one result of [10]. We did calculus of all (m > 2)-derivations of these
Lie algebras in [13] and they were derivations. We don’t have computed all derivations of
Ar NNgp = AL @ AV because of those of vertical part AL of Ar in [11] don’t have known
yet. Here we find the Lie algebra of derivations Der (r N Ng) of Ar NNk and in addition
Der™ (Ar NMg) that of all (m > 2)-derivations of this algebra. We prove that for all m > 2,
Der™ (Ar NNg) = Der (Ar NNg) + L (A1, A2) where AL = A; + A is a semi-direct sum
of Lie algebras by theorem of Hermann on the integrability of 2o the Lie algebra spanned
by all projectable horizontal vector fields on TM and by a proposition of [11] stating that
A% is the centralizer of Ago (£ (A1, A2) the set of linear mappings from A; to As). Here,
we say one important consequence of this theorem which connects the m-derivations of
Ar NN with geometric property of the connection I', that is one necessary and sufficient
condition for I' to be flat is Der™ (Ar NNg) = Der (Ar NMNg) for all m > 2. We set =
the projection mapping of the tangent bundle T'M to M, Nt and N are respectively the
normalizer of Ql?, of As. The first Chevalley-Eilenberg’s cohomology of 2 N D1y is respec-

tively (m. (NVr) /m. (A2)) ® (End (A1) Jadjay & (Mo ©AL) /A2) & (HE (B) @ R)k) if AL is

non-null everywhere and End (A1) /adja & ((No © 2AL) /A2) & (Hi (B) ® R)k if AL = {0}
where H}, (B) the first de Rham’s cohomology on closed 1-differential forms relative to the
foliation yielded by Hermann theorem, from Ay towards Fy (7 M) which is the base ring of
A%, We can tell that the derivative ideal [Ar N9k, Ar NINg] of Ar NNk coincides with
itself and we find its normalizer. The following fact [2r N IR, Ar N Ng] equals to Ar N Ng
leads to the stabilization of 2 N Mg by all m-derivations of A, then another Lie algebra
has been found which is 2p/2Ar NNk composed by the corresponding classes of elements of
Ar © (Ar NN R). Similar results to those of (m > 2)-derivations of the module A} will be
obtained for the (m > 2)-derivations of 2gzo. Moreover, the nullity space 9Mp doesn’t be a
Lie algebra in general and in [11] we have given a sufficient condition for this space to be
one. In this paper, we give another for I' homogeneous of degree -1 and for I' homogeneous
of degree 0 or linear connection in the sense of Grifone. Particularly, 91 is always a Lie
algebra in the case of homogeneous of degree -1 connection. In the same goal, we discover
that Ar + ‘)’tf}%, 2Ar added to the vertical space are Lie algebras where the first is a Lie
sub-algebra of the normalizer of ‘ﬁ%, and we find a necessary and sufficient condition for
Ar + Ng to be a Lie algebra. An example is given when I" is not homogeneous where 9z
is a not a Lie algebra.

The second section treats the partial differential equations defining elements of Ap, of the
common part of 2Ar with the nullity space g, that is to say A%, A% and of course the
elements of 2Ar which are outside of Mg. In [11], we have formulated one system of 4n?
partial differential equations which defines the elements of a Lie algebra vector fields on
TM whose the Lie derivatives vanish an arbitrary 1-vector form on T'M by the one in [7].
Unfortunately, there is one sign error in the formula, it doesn’t influence the results of [11]
because the arguments used in doesn’t base on this system. Here, we sort a correct new
corresponding formula and we considerably reduce the number of equations for a connec-
tion I'. In local coordinates, we obtain one system of n? partial differential equations of
first order (PDEFO) in the local components of the elements of 2r knowing that they are
all projectables. We deduce the (PDEFO) in the local components of the elements of 2%
and that of . These results give us several precise ideas about local forms of the elements
of these last two Lie algebras and those of Ar/ (Ar NNg). In [7], a Lie algebra of vector
fields has been put in evidence, it is the Lie algebra of infinitesimal automorphisms Ar of
a Grifone’s connection of the form I' = [J, S] with S a semi-spray in 7M where JS = C
(C is the Liouville vector field on T'M), this connection is of weak torsion free cf. [3]. This
Lie algebra is of finite dimension for some homogeneous condition on S. In this article, we
prove that for a connection not necessarily of weak torsion free where I' is homogeneous
of degree different to 0, Ar is locally a Lie sub-algebra of affine vector fields on R?*" of
dimension at most n? 4+ n from the above results on (PDEFO). In the case where locally all
constant vector fields and the Euler vector field are present in the image of A by the inverse
mapping relative to the complete lift on TM, all m-derivations of Ar are Lie derivatives
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with respect to elements of its normalizer A/. Thus, each m-derivation of A/ is inner. If the
maximum dimension is everywhere attained, then every m-derivations of 2 are inner. The
corresponding results about the first space of cohomology of Chevalley-Eilenberg will be
given. We pay attention to the existence of an homogeneous of degree 0 connection where
Ar is not a Lie sub-algebra of the Lie algebra of the locally affine vector fields. In the case
where all above hypothesis are not satisfied, there are m-derivations which don’t be Lie
derivatives with respect to vector fields. The examples illustrating all our results in section
1 and 2 are located in the last part of this section 2. Several calculus in these examples
use Maple software because of hardness of resolution of the (PDEFO) by calculation by hand.

The last section focus on global vision of the set of all connections in the smooth manifold
M. Here, we express again that a Grifone’s connection is more easy for searching algebraic
structures than usual linear connections. Such as we have seen several Lie algebras generated
by Grifone’s connections in [11] through properties of Frolicher-Nijenhuis bracket on vector
forms [2] used to calculations around the connection and its curvature. In this paper, we
state that the arithmetic mean and weighted average, the composition of odd number of
connections of Grifone on M is a connection and we put the Lie algebra 2 and the curvature
R of the resulting connection I' with its nullity space 91z based on those of connections in
the calculations. These facts are not possible for the set of usual linear connections on M.
Let K be the set of all Grifone’s connections on M, one larger set than K containing more
1-vector forms on T'M such as the identity mapping, the null mapping and the tangent
structure J on T'M forms a solvable of order 2 Lie algebra spanned by K from addition,
mapping composition and outer multiplication of a mapping by real numbers. Our proofs
use several results in the previous sections.

2. RESULTS ON LIE ALGEBRAS OF A CONNECTION BY GLOBAL METHODS

Definition 2.1. We recall one notion in order to define tangent structure J of T'M in [11].
Let be the exact sequence of vector bundles on T'M

0= 7*(TM) % TTM % 7*(TM) = 0

with @ : TM — M the projection of the tangent bundle to M; P : TTM — TM the
projection of the tangent bundle to T M, i: the natural injection; j = (P, 7.) where 7, is the
linear tangent mapping of w. Thus, J equals to ioj and locally in coordinates (z°,y7)1<; j<n
of TM, J = da’ @ &

Definition 2.2. We say that a 1-vector form T" of TM, C*° on TM — {0} = T M such that
JI' = J, I'J = —J is a Grifone’s connection on M cf.[3].

By a theorem in [3], T? = I with I the identity mapping of x(T'M) (the Lie algebra of
vector fields of TM). The connection I has two constant eigenvalues 1 and -1. The 1-vector
form I' is then an almost product on T'M. The corresponding projectors are: the horizontal
projector (resp. the vertical projector ) is h = 2(I+T) (resp. v = 2(I—T))).

We know that I" equips M with a splitting of TT'M (the tangent bundle of T M) into direct
sum of horizontal and vertical spaces: TTM = H(TM) @ V(T M) where

H(TM)=1Im(h) = Ker(v) and V(T M) = Im(v) = ker(h).

In 100&1 coordinates (2*,y")1<; j<n of TM, the connection I is dz’ ® 8?:1‘ — Qngxi ® ®a%j —
dy' ® a?ﬁ cf. [3].

In the following, I" will be a connection of Grifone.

Definition 2.3. The following 2-vector form R = —1[h, h] where

(2.1) [h,h](X,Y) = [hX,hY] + h[X,Y] — h|hX,Y] = h[X,RY], V X, Y € x(TM),

1
2
with x (7 M) the Lie algebra of vector fields on T M, is called curvature of I'. This curvature
R is ¢ [[',T] where t is a constant. One vector space relative to R is the nullity space of
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curvature of I' that is
Np ={X € x(TM) where R(X,Y)=0,VY € x(TM)}.

A distribution on a smooth manifold is a F(M)-sub-module of the module of all vec-
tor fields on M. In general, the space DM forms a non-involutive distribution on T M,
that is to say 9ip doesn’t be a Lie algebra, however the horizontal nullity space ‘ﬁ% =
{X € Ng such that h(X) = X} is involutive cf. [11]. The mapping R is semi-basic (in
other words if one of its arguments is vertical, the result becomes null and the image of R
is in vertical space), then the vertical space is contained in D9g. The following proposition
discuss conditions so that 91r would be a Lie algebra (involutive), different to the results of
[11]. About the curvature R in term of local coordinates (z*,v7)1<; j<, of TM:

1 . 9 . or:  or: or or
2.2 R==-R! di’ Ndz® ® =— where R:, = —% — —J 4 pl —J _plZ"k
(2:2) 9 kAt e oyt WHETE Bk = B2i T 9k k oyl 7 oyt

The ring of real smooth functions on M resp. on T'M and on T M is denoted by F (M) resp.
by F(TM) and F(TM).

Proposition 2.4. If the connection is homogeneous of degree -1 (|C,I'] = —T), then the
nullity space of its curvature is involutive. In the case where the connection is homogeneous
of degree 0 (|C,T] =0), that is to say a linear connection T in the sense of Grifone, Mg is
involutive if and only if ‘)“(}}% without its part into the vertical space is included in the nullity
space of the corresponding linear connection on M.

Proof. As we know, the vertical space v (x (TM)) is involutive, the same for M%, then
Nr =N v (x(TM)) is an involutive distribution if and only if cf. [11]

[Nk, v (X (TM))] C Npg.
We reason locally, so in local chart of the system (z°,47)1<; j<n. Asv (x (TM))isa F (TM)-
module, then it is sufficient to take X = X7 % € Mg and % for fixed 7 and we do [X 0 }

» 9y’
for all 7 in order to obtain the result. This bracket belongs to Mg if and only if %ijj % € Ng.
But X € Mg, then X7 R, =0 for all t,u. Deriving with respect to y® this last relation and

considering the homogeneity of order -1 of I' (ie the local form of R doesn’t depend on y¢),
oXx7 o

we have ByT 9a7 € MNg if and only if
(2.3) X7 Oy, _ 0 for all 4,t,u
. oy St u.

Thus, we obtain the first assertion. Next, we know that a linear connection of Grifone is
homogeneous of degree 0 where its coefficients are defined by F§ = ysfyﬁs(xg , 1 <g<n)
and ’y;is the symbols of Christoffel of the corresponding linear connection on M. For such
connection

R = ile;Jkde N dIk X @ where Rz]k = k axjk + ’Y]lct'y;l - Vét’yi}l?

oxI
with
Y Rjj (29,1 < g<n)=R.
Going back to (2.3), we have another equivalent relation X‘RY, = 0 for all 1 < i, k,u <
1<t<n
n. That is to say X = Xj% is in the usual nullity sps;cg of curvature of the linear
connection. ]

Remark 2.5. We can give an example of non-homogeneous connection such that the nullity
space of the curvature is non-involutive. We will see it later in Example 3.16.

We say that a vector field X belongs to g with @ is 1-vector form on TM if [X,Q] =0
or the Lie derivative Lx@Q = 0 or for all Y € x(TM), Q[X,Y] = [X,Q(Y)]. It is well
known that the set of these X forms a Lie algebra. It’s easy to find that A = A, = 2A,,.
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Furthermore, it is clear in this case that [X,hX] = 0 for X € p. This 2 is a Lie algebra
and we take from two interesting Lie algebras that are ideals of 2 cf. [11]:

AN = {X € Ar such that h(X) = X} and A% = {X € Ar with v(X) = X}.

We recall that a vector field on T'M is projectable if the linear tangent mapping of the
canonical projection of the tangent bundle to M applied to this vector is a vector field on
M.

Proposition 2.6. The set Ar +N% respectively Ar +v (x (TM)) is a Lie sub-algebra of the
normalizer of M (resp. is a Lie algebra). If AR = {0}, then the first sum becomes direct
in term of module. The Ar +Ng is a Lie algebra if and only if [‘)“(}}%, v(x(TM))} C Ng.

Proof. We have [2(p,2dr] C Ar, [91’}3, ‘ﬁ’}z] C ’ﬁ']% and [N, NY%] C N}, because Ny, =
v(x(TM)). We obtain [Ar,Ng| is included in Ng. Indeed, if X € Ap then [X,I'] = 0. By
Jacobi identity for vector forms, we have [X, ([[',T] = 2R)] = 0. We recall this identity [2]:
for all vector forms K, L,V on M of respective degrees k, [, v, then

(2.4) (K, [L,V]] = [[K, L], V] + (=) [L, [K, V]].
So we get for all Y, Z € x (TM):
[X,R(Y,Z)] - R([X,Y],Z)— R(Y,[X,Z]) =0.

If we take Y € Mg, we obtain [X,Y] € Mg. Thus for Y € N% where hY = Y, we have
[X,Y] € h(x(TM)) and then in M. We simply replace h by v in this last reasoning in
order to have [X,Y] € v(x (TM)) basing on the fact Ar = 2A,. Moreover, we know that
AL = H° N Ng by The Proposition 3.12 of [11]. Then, AL = {0} says H° NNz = {0}.
Consequently, r N 9% = {0} because all elements of 2Ar are projectable cf. [11]. Thus the
direct sum indicated above. The last affirmation is immediate by arguments in the first two
sentences at the beginning of the present proof. O

It is known that 2Ar NNz = AL @ AL, the study of AL and of AL started in [11]. We try
to complete it and do more in the present paper. Furthermore, the Lie algebra Ak @ 2A%
is the measure of the obstruction of Ar 4+ i to be direct sum of modules. As for that
of Lie algebra 2Ar + N% (vesp. Ar + v (x (TM))), it is AL (resp. A%) which expresses this
obstruction.

To do so, we recall some notions and results

Definition 2.7. The centralizer of a Lie algebra A in another B O A is defined by
{X € B,[X,A] ={0}}. The center of A is got for replacing B by A.

Proposition 2.8. ([11])The Lie algebra 2} is the centralizer of the Lie algebra Ao spanned
by the set of all horizontal projectable vector fields H®, where Ao is a F (M)-module of
X (TM). A vector field is in A% if and only if this vector commutes with all those of H°.

Definition 2.9. A generalized foliation § = {§“},.; on M is a partition into connected
sub-manifolds of M = UISO‘ such that F*NF? = @ for a # B, which are exactly the orbits
aE

of flow’s composition generated by the vector fields locally tangent to the leaves §5¢; of §
cf. [12]. A foliation is singular if it exists a leaf of null dimension.

Theorem 2.10. (R. Hermann [6]) All involutive distributions locally finitely generated are
integrable.

We consider a Lie algebra A° spanned by the set of all horizontal projectable vector fields
as a F (T M)-module. By the above theorem, A° is integrable because it is locally spanned
by a‘z,- — Fz% for ¢+ = 1,...,n. It induces a generalized foliation on 7M. Of course,
this foliation is non-singular because A° is everywhere non-null. As the Lie algebra 2o
is generated by the set of all horizontal projectable vector fields, it is locally spanned by
6(31' — Fga%j for i = 1,...,n in term of F (M)-module. We have 250 C A°. The set of
regular points will be noted by Reg such that each point admits a neighborhood where 2A°
is of non-null positive constant rank (the corresponding leaf is of constant dimension). This
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set Reg is dense in TM cf. [11]. Let € Reg and TU an open set of adapted chart of the
foliation containing x where 21° is of rank n + k > 0 (the integer k can be zero). That is to
say it exists a coordinates system (J:Z, y? ) (to simplify we use in here the same name

1<i,j<n
of the usual coordinates system of 7 M) where AY can be written as the set of:
i 0 iy 9 i i
(2.5) X D +Xja—yj where the X*, X" € F(TU).
1<i<n 1<5<k

We suppose in the following that 2 go is locally in the above adapted chart

O -
(2.6) X 5 +X/JaTJj where the X*, X7 € F(TU).
I<isn 1<j<k

In the following, TU is always an adapted chart with a coordinates system (.Z‘i, Yy )1 <ij<n’

We counsider Reg = TM to simplify our reasoning (otherwise, we follow the results in Reg

and can pass through limits to have those in 7TM).

In consequence,

Proposition 2.11. The elements of the Lie algebra A7 on TU are of the form X’j%
1<j<n

where the X" (y', k+1 <t <n)e F(TU).

Proof. We know that 2} is the centralizer of 2o, then we use the definition of Lie algebra

centralizers. So, let X € % in the form X% + X’j% where the X', X7 € F(TU). By
1<i<n  1<j<n

definition and using the fact that Ao is a F (U)-module, we obtain X¢ = 0 for all i. In the

same way, the X"/ depend only on (y',k +1 <t <n). O

Remark 2.12. The Proposition 3.4 of [11] saying that 2} is the common part of the cen-
tralizer of AL with 2Ar, doesn’t explicit the form of elements of AL because of restrictive
condition "RA% is everywhere non-null” and the form of elements of Ar is badly-known. Con-
trary to Ql{i, we remark that 7. is never reduced to zero as one example in the following will
show. In fact, the sum between Ar and v (x (TM)) cf. the Proposition 2.6 is never direct.
Similarly, ”Ap + 91g is not a direct sum of modules.

We assign that:

Definition 2.13. The derivative ideal of a Lie algebra L denoted by [L, L] is a Lie algebra
generated by the [X,Y]; X,Y € L. By recurrence, we set D'(L) = [L, L],D* = D' (D*™!)
for u > 1. The algebra L is solvable of order u > 1 if for all h < u, D"(L) # {0} and
D“(L) = {0}.

Theorem 2.14. On TU, A} is a semi-direct sum of Lie algebras A; and As where [A1, A1] =
{0}, [Al,AQ] = Al, [AQ,AQ] = A2 and we get [Ql%,%lﬁ] = Ql%

Proof. The element X of 2} is well-known by Proposition 2.11. Thus, we split these X in
the following way:

X" azi + X,jaiyj where the X" (y*,k+1 <t <n) € F(TU).
1<i<k  k+1<j<n

We set A; (TU) the set of the first vector fields and A, (TU) that of the second, corre-
sponding to the splitting. Moreover, we designate by Fy (TU) the base ring of AY (TU).
It is clear that A; (TU) is commutative by usual bracket of vector fields. We can also say
that A% (TU) is both a semi-direct sum of Lie algebras and direct sum of modules. For the
following affirmation, it is sufficient to chose good monomials as components of the vector
fields of Ay (TU). For the next assertion, we use the arguments of [11] p.699. We deduce
that A% (TU), A% (TU)] = AL (TU). We can define globally the Lie algebras A; and Aj
and we achieve our proof. O

We have a similar theorem to that of [11] based on H°:
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Proposition 2.15. The Lie algebra Upo coincides with HC if and only if R = 0.

Proof. By (2.1) and the fact that the curvature is semi-basic, the horizontal space is involu-
tive if and only if the connection is flat. Then, we get the result knowing that H° is locally
spanned by all local elements of natural base of horizontal space on F(M). ([l

Then we obtain
Corollary 2.16. The integer k equals to zero if and only if Rity = 0.

Proof. The proof bases on the dimension of Az o on TU, it is equal to n which is the
dimension of H? if and only if k = 0. By our last proposition, we get the equivalence. [

If k=0in TU, then

- 0
(A1) 7y = {0} and (A2), = X" (yt, 1<t< n) GT/J
1<j<n
In the following, we suppose that R # 0 unless expressed mention.
Corollary 2.17. The derivative ideal of the Lie algebra Ar NNg is ™Ar N Ng itself.

Proof. The Lie algebra 2 NNz = AL @ AL by Proposition 3.10 of [11] and [A}, AL] = AL
by Theorem 3.20 of [11]. We can affirm that [A¥,A}] = AY following the Theorem 2.14.
Thus,

[er NNg,™Ar N ‘ﬁR] =2Ar NNg.

We suppose that m > 2 is an natural integer in the following.

Definition 2.18. A mapping R—linear D from 2l into 2 is a m-derivation of a Lie algebra
A if VXl,Xg, X, € 91,

D[X1,[Xar. o, [Xmots Xon] ... ]] = [D(X1),[Xor.. [Xone1, X ... ]+
F XL [D(X2) ey X, Xon] o] +
X0 X [D (Xt s Xon] - )] +

(2.7) X1 Xy [Xoe 1, D (X))

In m = 2, this definition coincides with that of derivation. Actually, all derivations are
m-derivations for all m > 2 but the converse is false as Theorem 3.10 of [10] shows, that is
why the study of these m-derivations with m > 2 is interesting.

Definition 2.19. Let 2l be a Lie algebra, we define € () = 2 and for all u > 1, €% (A) =
[2, €~ (A)] cf.[1]. The Lie algebra 2 is nilpotent of order u > 1 if  is the smaller integer
such that € () = {0}.

By the last corollary, the Lie algebra 2Ar N Mg is never solvable. Following [1], this Lie
algebra is never nilpotent. Then, we discuss its m-derivations which are not trivial.

Proposition 2.20. Form > 3, all linear mappings from Ay towards A} are m-derivations.

Proof. When m > 3, the relation (2.7) is trivially verified by all linear mapping from A4; to
A} because of the following facts [A1, As] = Ay and [Aq, A;] = {0}. Thus, we achieve our
proof. O

Remark 2.21. The relation (2.7) of Proposition 2.20 is not obvious when m = 2.

We recall that a mapping f from one part of x (M) to another is local if for all X € x (M)
and an open V' of M such that Xy =0, we have f (X>\V =0.

Proposition 2.22. All derivations from A to As are null.
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Proof. If D is such derivation, then for X7, X, in A;, we have D [X;, X5] = [DXy, Xo] +
[X1,DX5]. As [A1, A1] = {0}, we can obtain

[DX;,X5] = —[X1,DX5].

We will verify that D is local, that is to say if X7 on A; vanishes on an open set of T M,
then D (X7) is null on this open (we can take an adapted chart). Let X; verifying such
hypotheses on the open set TU with k ## 0, with the previous relation:

(2.8) (DX1)ro ,XWU} — 0, for all X5 € A,.

If 41 an integer between k + 1 and n, and iy another one between 1 and k, this last relation
leads in Xy = y"t 5= that

oy 9
(DX1) 17y By 0,

and it’s for all 4. Then (DXl)\TU = 0 and we get locality of D. In this case, on the

adapted chart TU, D = w' ® a?/i with w® = wédyj and the w; € F(TU). For X; = ay%
k+1<i<n 1<5<k |

and X, = y' 830 with jo between 1 and k, ig between k + 1 and n, ty between 1 and k, we

obtain from (2.8) that each w;?] =0 and it is for all ig, jo. Thus, each w® = 0 and Dyry =0
for all TU where k # 0. The case of TU with k = 0 is trivial. So D is identically null. [

Proposition 2.23. A m-derivation of A% is split into D = D' 4+ D'2 4+ D?! 4 D?2 where
DY is a linear part of D from A, to A1, D'2 from A, into Ay, D?' from Ay towards A;
and D?2 from Ay to Ay. Thus, all DY are m-derivations.

Proof. Tt is clear that for all m > 2, D! is always a m-derivation because (2.7) is trivially
satisfied for this mapping. By Proposition 2.20, D'? is equally a (m > 3)-derivation. So
D?!' + D?2 is one. Now, we consider X1, Xo,...,X,, € Ay and we have the equality (2.7)
corresponding to D?! + D?2. Using A, As] = Aj, [Az, A3] = Ay and the module’s direct
sum A; @ Ay in the previous equality, D?! and D?? are (m > 3)-derivations. For m = 2, it
is sufficient to check that the last three D% are derivations. We proceed as in the previous
knowing D'2 = 0 cf. Proposition 2.22 and acting D?' + D?? on X, X5 of Ay. It yields
D?', D?? to be derivations. It achieve our proof. O

Proposition 2.24. All m-derivations from As towards Ay are local.

Proof. Suppose that D such m-derivation and X € Ay is null on a open set 7U where U is
an open of M (we can consider as a adapted chart with k # 0, the other k£ = 0 is trivial).
We reason by contradiction, that is D (X) 7, # 0. It exists 2 € TU and a neighborhood
V. C TU of z such that for all z € V,,, D% (X)(2) # 0 (io-th component of D (X) (z)) with
ip between 1 and k. As in [14] pp.166-167, we have fabricated a plateau function on M

corresponding to a sub-ring of F' (M), then we can have one adapted to the base ring of As.
Thus, it is f € Fy (TU) with fjy, = y where Supp(f) C TU and Y,,_1,...,Y2, Y1 € Ay

such that Y, 1 = ijBy%,Ym,g = yjoéw%7...,Y2 = ylo 359‘0»3/1 = ayijo in order that
(X, [Ya,...[Yim—1,fY1]...]] = 0. So (2.7) for D[X,[Ya,...[Yim—1, fY1]...]] induces to a
contradiction on V,. Then D is local. O

We look back at two propositions of [14] assembled to one proposition hereafter. A system
S is a set of ¢ vector fields of rank p which commutes mutually and yields on a smooth
manifold of dimension n + ¢ the Lie algebra Ag. There’s a foliation generated by S cf.
[14]. This algebra Ag coincides with the Fyy (U’)-module of vector fields on U’ (with U’ an

adapted chart of this foliation) spanned by %, cee M%, 6%1, e 821, where p > 1 and
Fo (U’) the ring of real functions smooth on U’ depending only on z!,...,#™T9P. The

module Ag (U’) can be written as semi-direct product
As (U') = A5 (U") & A% (U)
where AL (U’) is the sub-algebra of Ag (U’) generated by %,...,W‘zq,p on the ring

Fy (U') and A% (U') is commutative ideal of Ag (U’) spanned by 8%1’ cee % on Fy (U").
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An inner m-derivation of a Lie algebra A with respect to an element of a Lie algebra B is
a Lie derivative with respect to this element. It is inner if this element is in A.

Proposition 2.25. Let D be a local derivation of Ag to A%. It exists closed 1—differential
forms o and W' in U’, with i =1,...,p such that:

(1) Dyr = (o +w?) @ %, where each ker(a?) contains A%L(U') and each ker(w?)

contains AL(U").

(2) all ' [X,Y] = X.a' (V) — Y.a! (X), for all vector fields X,Y € Ag(U'").
We note Dy the derivation (af + wi) ® % of As (U') towards A% (U’). The derivation
D of As (U') to A% (U') with o = (o, e ,aP) and w = (w',...,wP) is an inner deriva-
tion if and only if, for all i, w' =0 and o' are exact. In that case we get Dy = _Lfia%i
where each o' = df* with f* are functions in Fo(U'). Conversely, all D verifying (1),
(2) are derivations of As towards A%.

Proposition 2.26. Each m-derivation D of As into Ay is a sum of Lie derivative with
respect to an element of A1 and a non inner derivation of the form D*° where o is a
non-exact closed 1-differential form from Ag towards Fy (TM).

Proof. Sketch of the demonstration is the following. We remark that Proposition 2.25 can be
adapted to a derivation (2-derivation) from A to A1, where we replace Fy (U’) by Fy (TU)
where k # 0 takes the place of p, A% (U’) by A, (TU), AL (U’) by A2 (TU). Then w’ are

; D . . . oot fai
null and the o' = ajdy’ with 1 <i < k are the following (8—33 — g(;;) = 0 by (2), of
k+1<j<n k+1<t,j<n
Ao’ da’ . P . . .
course the 83{ = 0 and BZ{ = 0. The expression "the o’ is exact” means it exists
1<t<k 1<t<n

ft € Fy (TU) such that o = df’. For a (m > 2)-derivation D which is local by Proposition

2.24, we have on the adapted chart TU, Dry = o ® aiyj with o/ a 1-differential form of
1<5<k

As (TU) towards Fy (TU). We set the obtained equality from

Poy A P a0 0
TU aya07 Yy 8ya7"'7 Yy 3y“’5‘yb0

in (0,...,0) for the a,b, ag, by between k 4+ 1 et n. Then we know

dal, 50420
A P

for all ag, by and we get a more general equality by coordinates translations. It is clear that

ag; 0 =0 for 1 <c<kand 8;;“ =0 for 1 <t < n. These facts conduct to the closeness of
o' and of a. Then we have (2) and we achieve the demonstration of the Proposition 2.25
adapted to a m-derivation of Ay (TU) to Ay (TU) proceeding as in the previous one for
k # 0 and to the triviality for & = 0. We demonstrate that the D®0 for a 1-differential
form of Ay (TU) to Fy (TU) are always derivations because the o' are closed. All results of
the present proof is true for each adapted chart 7U, thus by the property of the foliation,
we get all these results on 7M. O

Proposition 2.27. Each m-derivation of As is a Lie derivative with respect to its normal-
1zer.

Proof. Remind us that the normalizer of a Lie algebra A in another one B D A is defined
by {X € B,[X, A] C A}. We proceed as in Proposition 2.24 in order that all m-derivations
of Ay are local. Next, we can adapt the proof of Theorem 2.1 of [13] taking into account
the presence of all functions needed in this proof in the base ring of the module As. O

Theorem 2.28. We suppose m > 2. When 2[1’3 1s everywhere non-null, all m-derivations
of Ar NNgr are sum of a Lie derivative with respect to a vector field on the normalizer Nt
of A% and a m-derivation of A% that is to say sum of endomorphism of A1, of a linear
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mapping from Ay to As, of a Lie derivative with respect to an element of Ay, of a derivation
in the form D®° of Proposition 2.26 and of a Lie derivative with respect to a vector field in
the normalizer Ny to Ay on x (TM). On the contrary if A% = {0}, then all m-derivations
of Ar N Npg are those of AL as cited above. For m = 2, the result for the derivations is
composed by the same sentences as for (m > 2)-derivations without only one “of a linear
mapping from Ay to Ay”. If the connection is flat then each (m > 2)-derivation of Ar NNy
is inner.

Proof. Suppose that m > 2, we can affirm that all m-derivations of 2 N9y are direct sum
of m-derivations of A% with another one of A% by using the same arguments as in [9] taking
into account [A%,AL] = AY from Theorem 2.14 on TM and [AR, AL = AR of [11]. If AL
is non-vanishing everywhere, we know that m-derivations de 2% are Lie derivatives with
respect to elements of its normalizer AT cf. [13] p.5. Furthermore, let D be a m-derivation
of AY. = A; + As. It can be split into D = D' + D2 + D?! 4+ D?2 where D! the linear
part of D from A; to Ay, D2 of A; to Ay, D?! from A, towards A; and D?2 of A, towards
As. By Proposition 2.23, all these D are m-derivations. Then the result comes from the
Propositions 2.20, 2.23, 2.26 and 2.27. When 2% is reduced to zero, the result is obtained
by consideration for the above m-derivations of 2. . The one difference between derivations
and (m > 2)-derivation is that from Proposition 2.22 saying D'? = 0 for derivations, it
yields the next result.

If the connection is flat, A is everywhere non-null. Then the m-derivations of A% are the
same as in the previous. As R = 0 then k£ = 0 everywhere on 7 M by Corollary 2.16. In this
case A; = {0} and all m-derivations of A} are those of As, so they are Lie derivatives with
respect to elements of Ny. But Theorem 4.4 of [11] says that the normalizer of A¥ which is
Np and that of AL is AT, are always in A% @ AL, Tt leads to our last assertion. g

We know that the set of m-derivations of a Lie algebra A forms a Lie algebra by the following
definition of its bracket of two elements [f,g] = fog— go f, then two consequences of the
previous theorem are the following:

Corollary 2.29. The Lie algebra of (m > 2)-derivations of ArNMN g denoted by Der™ (Ar N Ng) =
Der (Ar NNg) + L (A1, As) where L (A1, Ag) notes the set of linear mappings from Ay to

Ay and Der? = Der. If the connection is flat, Der™ (Ar NNg) = Der (Ar NNg) for all

m > 2.

Corollary 2.30. The algebra Der™ (Ar NNg) = Der (Ar NNg) for all m > 2 if and only
if the connection is flat.

Proof. If the connection is flat, we have the result by the previous corollary. Conversely,
it Der™ (Ar NNg) = Der (~Ar NNg) for all m > 2, then L (A1, A2) C Der (Ar NNg). So
L (A1, As) C Der(A;, As). Tt yields £ (A;, A2) = {0} by the Proposition 2.22. It’s not
possible without nullity of Ay, then k& = 0 everywhere. By Corollary 2.16, the connection is
flat. |

Remark 2.31. The elements of Ny © Ay are locally of the form:

A 9 oA 0

Xk +1<t <)oo+ X9k +1<t <n)o s
x’L

1<i<n 1<;<k Y

A
where X (y') means that expression of X is without y*.

In the three following assertions, @& means a direct sum of modules. The first space of
cohomology of Chevalley-Eilenberg of a Lie algebra A, H'(A) is the quotient of vector
spaces Der(A)/adjas where Der(A) the Lie algebra of derivations of A and adjs the Lie
algebra of Lie derivatives with respect to elements of A. One result about 2 N Hr when
R = 0 is in [11], that is to say H' (U4r) = 0. Here, we find more general result by another
way.
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Corollary 2.32. If A% is non-vanishing everywhere resp. A = {0} and the rank of A; is
a constant k > 0, then the first space of cohomology of Chevalley-Filenberg of Ar NNy is
isomorphic to

(e (ND) /s (A1) ® (End (A1) Jadjae @ (Mo © AL) /A3) ® (Hy (B) ® R)’“)
resp. isomorphic to
(End (A1) /adjar ® (No © AL) /A2) @ (Hy (B) ® R)k)

where H}, (B) is the first space of cohomology of de Rham on the closed 1-differential forms
relative to the foliation, from Ag towards Fy (TM). If the constant k = 0, H' (Ar NNg)
equals to 0.

Proof. Using the beginning of the proof of Theorem 2.28, the first space of cohomology
of Chevalley-Eilenberg of Ar N Mg is isomorphic to the direct product of A% and AR, If
2% is non-null everywhere, then we know that the first is isomorphic to m. (NT) /. (Qll}l)
where AT is the normalizer of A% in x (7M) [11]. For that of A%, we deduce the re-
sult from Theorem 2.28 for m = 2. That is to say, one part of the cohomological result
End (A1) /adjay ® ((No © AL) /A;) is immediate because [A1, A1] = {0}, [A2, A1] = Ay
and N is the normalizer of Ay such that A, has only derivations like Lie derivatives with
respect to elements of . For the second part one (H}{ B)® R)k7 we can admit that local
definition of o’ (1 <4 < k) is invariant by change of adapted coordinates to the foliation,
and D o D® =0 for all i, j. Thus, by (2) of Proposition 2.25 adapted to our derivation,
by the result in the end of the adapted proposition, by the closeness and the condition of
exactitude of the forms a and the result of [8], we can find the rest of cohomological result.
As for the case where A% = {0}, we use again Theorem 2.28 in order to arrive to H* (2%)
and we conclude by the previous result. If k& = 0, the curvature R = 0 by Corollary 2.16.
So we can apply Theorem 4.4 of [11] for the final result. O

From this assertion, we can deduce immediately the following result
Corollary 2.33. The normalizer of Ar N Ng is the sum N + No.

As our study about Ar N Ng = AL @ AL in [11], that is to say we have studied subsets of
2r included in the horizontal space or in the vertical space. This next proposition suggests
the study of subsets of 2r which are neither contained in 2% nor in A% nor in AL ® AL.

Proposition 2.34. Fach m-derivation of Ar stabilizes Ar N Ng and Ar N Ng is a char-
acteristic ideal of Ar. So we can define the quotient Lie algebra Ar/ (Ar NNg). Moreover,
elements of Ar & (Ar NNg) are known by the inclusion Ar & (Ar NNg) C Nr + M.

Proof. We know by Corollary 2.17 that the derivative ideal of ANt remains ArNNy itself.
As Ar NNg equals to direct product of ideals AL and AL, then [Ar,Ar NNg] C Ar N Ng.
The result comes from the previous one by using relation (2.7) and Corollary 2.33. (]

Comparing calculations of elements of A% by Azo and by H? cf. Proposition 2.8, the first
"7 is the centralizer of Ayo” allows us to see the previous theoretical results, the second
”the set of commutators of H? is 2%” is especially practical for calculation of these elements
on Maple software cf. examples in the second section. We can state again on 2 go:

Proposition 2.35. Each m-derivation of Ao can be split into D = D?*2 + D?' 4 D12 + D!
where D?? the linear part of D from By towards By, D?' from By to By, D2 to By towards
By and D' of By to By, where Ao = By + By by (2.5) in the order of the splitting, with
[B1, B1] = Bi, [B1, Ba] = Ba, [Ba, Ba] = {0}. Furthermore, these D% are m-derivations.

Proof. We can reason similarly like in the proof of Proposition 2.23. ]

Proposition 2.36. The normalizer Na of Ago is locally the sum of the module gener-
at(?d in F(U) by %, azﬂ ylaiyj for all 1 < 15,1 < k, 1 <t < n and the module
Xyt k+1<t< n)%. Then N3 contains strictly Ago.

k+1<j<n
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Proof. Tt’s just a calculation from definition of normalizer. O

Theorem 2.37. The derivative ideal of Ago is Ago. The (m > 2)-derivation of Ago is a
sum of endomorphism of Bs, of a linear mapping from By to By, of a Lie derivative with
respect to an element of Bo, of a derivation of the form D®° analogous to that of Proposition
2.26 and a Lie derivative with respect to an element of the normalizer N1 of By in x (TM).
Its first cohomology of Chevalley-Filenberg’s space is isomorphic to ((End (B2)) /adjngo) &)

(HL (B) @ R)k @ (x (R™)) if Ago is of constant rank equals to n+k (B’ is the set of closed
1-differential forms relative to the foliation, from By towards F(U)), @ notes a direct sum
of modules. Furthermore Der™ (Ago) = Der (Ugo) + L (B2, B1). In the case where R =0,
all m-derivations of Ago are inner with respect to elements of its normalizer Ny which is
isomorphic to x (M) ® x (R™). In all cases, H* (UApo) # 0.

Proof. The first assertion comes directly from Proposition 2.35. The next, it is sufficient to
use Proposition 2.35 and to reason similarly as the part 2} of Theorem 2.28 and of Corollary
2.32. The next result is deduced from the previous one where N7 is locally

9 _ 9 .
(2.9) X’axi +X’J(yt,1§t§n)ﬂ where the X* € F (U).

The hypothesis of the next assertion suggests that k = 0 everywhere. So that, By = {0}
and the corresponding D are null. It yields all m-derivations of 2o to be those of Bj.
By these results, we can conclude that H' (4z0) # 0. O

We reason in the same way as Corollary 2.30 to obtain,
Corollary 2.38. We have Der™ (Ago) = Der (Ago) for all m > 2 if and only if the
connection is flat.

3. RESULTS ON Ar, 91z BY LOCAL METHODS AND EXAMPLES

We take a coordinates system (z%);—1, 2, on TM where I = I‘g dz'® %. We have followed
the local formulas defining elements of Ar [7] in [11]. Coming back to this definition, we
find that a vector field X = X* 8‘?& is in Ar if and only if it satisfies to a system of 4n? linear
equations of partial derivatives:

N0) N AT D ) ¢

P E Y —— T —— =0.

ot b Ok O

This rectification doesn’t modify the results in [11] because our calculus base only on the
vector form of the connection regardless of partial differential equations defining r.

(3.1) X

Remark 3.1. Certains theorems in this section was made by the authour in 2016 in a preprint
in the University of Antananarivo, Madagascar independently of the results of [4] and [5].

We try to know more the elements of 2. So,

Proposition 3.2. Each element X of Ar is locally X = X* O where T = dz' ® ®% —

19‘2320;
2F§-dxj ® B‘Zi —dy* ® % (x" T =y and F;H" = F;- for 1 <i < n) verifies:
0X7
(3.2) 8.:0,f0rn+1§i§2nand1§j§n,
xl
X7 ;0T ; 0X' ik OX7 .
1<i<2n 1<i<n n+1<i<2n

Proof. We revisit the equations (3.1) taking into account the above local expression of T
and distinguishing the cases j = k and j # k. O

Another proof of Proposition 3.9 of [11] will be,
Corollary 3.3. All vector fields of Ur are projectable.
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Proof. We check the relation (3.2) which says directly that the vector field in question is
projectable. O

By Proposition 3.2, we reduce the system (3.1) of 4n? partial differential equations which
elements of Ar are defined. It is a system of n? partial differential equations of first order
such that the above elements are projectable. We can again deduce from this proposition
and know more the elements of 2} by:

Corollary 3.4. Each element X of A} whose its local form is Xia?;i verifies:

1<i<n
X ord9xd
(3.4) aa—k Xla’.“f 2%.:0f0r1§j§nand1§k§n.
T 7 3
1§i§yn 1§i§yn

Each element X of A% whose its local form is X*

25— 1"§X"aiyt satisfies:

1<i<n
o1 ory . or, . or
(3.5) —Xzax; + X m’; —Tixt 8y? +F;Xta—y;% =0for1<j<nandl<k<n.

In the following, we have a chart 7U with local coordinates system (z°,y7)1<; j<, of TM.

Proposition 3.5. If X € 2Ar — {0} with X ¢ Ar NNg and X = X' g% + X" L= in local
coordinates of TU, then it exists locally mappings between vertical components of a vector
field of Ar — (Ar NNg) with another components. Moreover, if there is iy such that Ffo =0
for all j, X' depends at least on another component of X.

Proof. Suppose X € 2 —{0} with X ¢ 2ArNNg = AL A%, We reason in local coordinates
(2%, y7)1<ij<n of TU. Let X € Ar — (Ar NNg) with X = X* a?ci + X" 8?;1‘ on TU. Suppose

AA
that there’s jo such that for all j # jo and 4, X"Jo (Xi,X’j> # 0. Then on TU, X/j"ayij0 €

A% — {0} by (3.4), it is a contradiction. In the same way, if we suppose that it exists ig

AA
with all 4 # i and j, X (Xi,X’j> # 0. Then X% -2 c AL — {0} by (3.5), it is again a

oz'o

contradiction. O

Definition 3.6. The complete lift of a X in (M) on the bundle T'M is noted by X. Locally
on TM, (z%,y7)1<i j<n where X = X* aii € x(M), we have

0 4 Xt 9
ozt Y B oy’

X =X

withi,j=1,...,n.

The complete lift of x(M) is denoted by x(M). It is easy to extend in the natural way the
isomorphism f in the proof of Proposition 3.16 of [11] from x (M) to x(M). We will note G
this extension of isomorphism.

Definition 3.7. A strong torsion T of I is a 1-vector form
. 1
ZSt — 5 [C, F]

where S a semi-spray associated to I" cf. [3]. A semi-spray is a vector field on 7 M such that
JS = C with C the canonical field on TM (C is equally the Liouville field), ¢t = 1 [J,T] is
the weak torsion of I' and 4 the inner product.

A semi-spray in local coordinates is

Y
Yy P o)
okl OyJ
where the G7 are O of TM, C = y* azi'

Let us recall a theorem of decomposition of connections in [3]:
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Theorem 3.8. Let S be a semi-spray and T be a semi-basic 1-vector form in balance with
S ¢f. [3], then it exists one and only one connection T’ such that S is its semi-spray and T
its strong torsion with T = [J, S|+ T.

Now we recall a Lie sub-algebra of %Ap, it is the intersection of 2Ap with the complete lift
x(M) of x(M), denoted 2Ar and called the Lie algebra of infinitesimal automorphisms of T
This Lie algebra has been studied in [7] for a particular Grifone’s connection [J, S] of weak
torsion free with S an arbitrary semi-spray. Here, we give our contributions on study of 2p
for a general connection of Grifone, that is to say, its two torsions aren’t necessarily null.

Theorem 3.9. Locally X = X' a?c'i + 1yt %)jj aiyj is in Ar if and only if all the X7 depend

only on the xt and

y X Lo, - X! ary N jOX' L 0X
Oxkdxt Oxt Oxv Oyt t ozk kot

in particular if T' is homogeneous of degree 1 or linear connection of Grifone, that is to say

the T = y*“~i.,

(3.6) +X =0,

X L0V, AXt LOXt , 0XI
(3.7) Ok oz X Oxt + Ot Y Vi ark TR gt T 0.
where t,u run over 1 ton; j,k,l € [1,n].
Proof. Tt is a consequence of Proposition 3.2 and of definition of Ar. (]

A generalization of corollary of the Proposition 11 of [7] can be stated as follow

Corollary 3.10. If the connection is homogeneous of degree l € Z — {0} (|[C,T] =IT) then

Ar is locally a Lie sub-algebra of affine vector fields of R?", in this case dim(™Ar) < n? + n.
Proof. The homogeneity of a connection is characterized by the homogeneity plus one in
the y* of local coordinates of all local coefficients I‘? of the connection I'. The proof uses the
following, it is sufficient to remark that locally X € 2 with all its non-vertical components
X7 depend only on z¢ and verify

02 X7

oxkoxt
for all j, k,t by (3.6). O

Theorem 3.11. If we suppose G~! (QTF) contains locally all constant vector fields and the
Euler vector field for a homogeneous connection of degree | € Z—{0}, then all m-derivations
of Ur are derivations and are Lie derivatives with respect to elements of its normalizer N,
thus H' (Ar) = N'/™Ar. Each (m > 2)-derivation of N is inner and H* (N) = 0. Suppose
that the mazimum dimension is reached by Ar in whole TM then H* (QTF) =0

Proof. If we have such hypothesis for A then in local coordinates on (@', y))1<i j<n, Ar
contains locally the space generated by the % (constant vector fields) and z° 6‘27-, + 82,3

1<i<n
(Euler field on TM with ! 8‘; that on M) where the j runs from 1 to n, and all elements
1<i<n

of A are locally affine ¢f. Corollary 3.10. By [10], each m-derivation of G () is a
derivation and a Lie derivative with respect to an element of G~} (QTF) By isomorphism,
each m-derivation of Ar is a derivation and is a Lie derivative by one element of normalizer
N of 2p and H?! (QTF) = N/Ar. Because N is itself locally affine and contains all vector
fields locally of form z? 830 with i fixed between 1 and n, the Corollary 3.12 of [10] permits
to say that all m-derivations of A/ are inner, thus H' (N) = 0. If the dimension n? 4+ n of
Ar is reached for all points of TM, then G~! (QTF) is locally the Lie algebra of affine vector

fields of R™, its normalizer remains itself, then H' (Ar) = 0 by the previous results. O

In the following four examples, the considered smooth manifold for each connection I is R3

with TR3 of system of coordinates (z*, 22, 23, y%, y2, y?).
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Example 3.12. If we take the coefficients I‘; null for all ¢, j, then we reach the maximum

dimension 12 of 2 which is the Lie algebra spanned by all the %, x? 8‘9 J a?ﬂ' . By our

theorem, each m-derivation of & At is inner, in other words a Lie derivative with respect to a
vector field of 2, thus H' (le) =0.

Ezample 3.13. Taking the coefﬁcientb of F such that F =1 and null otherwibe We have QTF
is of dimension &: a?;z .z 6.11 +yﬂ 5 , a2 8361 +° ayl,x Bwl ++y3 Byl’ 61:3 +12 ayg, 613 +
1<i<3 1<i<2 1<5<2

Y3 8 =23. By our theorem, each m-derivation of this Lie algebra is a Lie derlvatlve by an element
of 1t{s normalizer N/ lvhlch is Ar plus the vector space V spanned by z* W +y! 8717 x2 W +
Yy’ 50 Thus, H' (Ar) =V and H' (N) = 0.

Remark 3.14. If the hypotheses of Theorem 3.11 are non-satisfied, then it can exist a non-
inner derivation of 2 with respect of its normalizer as in the end of Example 3.15.

Example 3.15. A Grifone connection is such that:

1_ =z
Fl—e JTo=e

3

and null otherwise. The non-null coefficients up to an antisymmetry of the curvature are

R%s =" R%3 ="
Then X = X'5% + X" 575 € Mg is such that X' 5% — X' % + X7 5%
1<i<3 1<;5<3 1<5<3
F(TR?). In that case, the nullity space of the curvature is involutive, it confirms Proposition
2.4. The horizontal space of the nullity of the curvature is the Lie algebra

0 0
mh = xt _ x!
- { ozt 0x? } '

where X1, X" ¢

As for X € AL,

0

h 1/, .
=¢X =1,2,3)—
2 { (I’,Z ’ ’3)8371

— Xz 1123)882}

. _ /8 39 9 39 9 3 9
The centralizer of Ago = <78x1 —e* BT B2 er FyT 553, €" 5T >F(R3) or the set of all
commutators of H is A% cf. Proposition 2.8 whose elements are easy to find by calculations
r P Yy y

by Maple from this proposition or by the relation (3.4), that is to say the Yl _ such that
i=1 2 ,3,

Yy, y°).
The Lie algebra 2r is a vector space generated by a =1 and a =25 which is a Lie sub-algebra
of affine vector fields of | RS, of dimension 2 less than or equal to 32 + 3 = 12, by Corollary
3.10. The Lie algebra Ap contains a derivation which is not a Lie derivative with respect to
an element of its normalizer. For example, the linear mapping D defined by D ( %) = %
d
Ezample 3.16. The connection is such that:
I = emsyl, ri= e’
and null otherwise. The non-null coefficients of curvature up to an antisymmetry are
R%g = Rig = —y'e” Ry = —e" .
Thus X = X2 152 € N is of the forle—flel—fe X1 ++X’dej
1<z<3 1§j§3 1<5<3
with X! X" € F(TR?). In this case, each non-null horizontal vector field of M is non-
projectable, so A% = {0} and Ar N Ng = AL. The Lie algebra Ao is
0 23 ! o 0 B0 0 3,0 30
a1 6 ) - 6 ) € Y 1€ 57 .
Ozt Oyl 022 Ayl 93 oyt oyt )
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The space of nullity of R is not a Lie algebra because {8%1, 2 =yl — e’ 8%3} =%

Mg, however the two vector fields in the bracket are in 9. The horizontal nullity space of
the curvature is the Lie algebra
0 0 3 0
mh: Xl 1X17— lei, .
{ R R W
Here, we will have 2} = {X’i(yQ,y?’)ay
i=2,3

of modules. We observe that Proposition 3.14 of [11] doesn’t work in the present example
because AL = {0}, however AL # Ap because 525 € Ap — AR

Ezample 3.17. The connection is such that '} = %yge“‘1 null otherwise. We find that Ql’li is
the F' (R3)—m0du1e spanned by %. For X = Xj% € A
1<5<3

X3 (yQ, y3) arbitrary, X! = (y?)%y' Fy (y3) + Fy (y2,y3) the F; arbitrary, u € N
X2 — (92)u+1F1 (y3) )
by Corollary 3.4.

The elements of the quotient Lie algebra QJ.F / (R ﬂ‘ﬁR) = Ar/ (AL ® AL) mentioned in

Proposition 2.34 are of the form X = XJ s+ X’1 by Proposition 3.2:
1<_] <2

T =Cyt + () (@t y?) + galat, 2?)y? + yPgs(at) -
0
2/@3t02+ﬂg(,y)+fa%)df+
[
2
((y Ox! orl dzt

vy [ ()

v [ o+ [ 6
e ()
‘7”1( ( ((2+ f o0 g >dy2>drf1—

114991 | Oga(at, a?) n d93(371)> Aot

+ 1
X2 — 95($2)
+2/e /y2)t p y2071
L B
_2/6 z (/(yQ)taiidy2> dml,

X! = /2@5”1 P> dzt — dgs (2”) +Cy — 26_117892(301’:52)
8 )

r10x2 dx? 0x?

where C7 € R, the g; are arbitrary functions, ¢,w € N.

Remark 3.18. For a homogeneous of degree 1, 2r is not in general locally a Lie sub-algebra
of the Lie algebra of affine vector fields in R?” as the end of Example 3.19 shows.

Ezample 3.19. We can revisit Example 4.8 of [11], where we take R* of coordinates system

(2, 22, 23, 2* ,y y2 v, yh) with I is such that T} = 7—2 ' T2 = 'k I‘% = %1 We recall
that R%)l = % R2 1 = =%, null otherwise up to an antlsymmetry and
0 0 0 0 0
N =49X° Xx* Y? M =3 X3 — + X' — .
i { Tt g T By’}’ 98 T o
Numerically in Maple by the help of Corollary 3.4,

. 9 0
h _ 3 4yt
Let us calculate the Lie algebra 2% by Corollary 3.4 on Maple. The elements X = X"/ a%j €
1<j<4

2 are such that:

X" ((yl)2 + (yz)Qe“"l,y‘g, y4) are arbitrary where j from 3 to 4,



SOME RESULTS ON LIE ALGEBRAS FROM CONNECTIONS 17

X" =y'Fy ((y1)2 + (yQ)Qeml,y:S, y4> where F} an arbitrary function, ¢ from 1 to 2.
One can also find the previous result on Maple by the fact that it is the centralizer of 2o
0 y2 0 0 y2m18 yb' 9 0 9 y* .0 y' 0
< >F(R4) .

orl 2 oy? 02 € Oyl 2 Oy?’ 0x3 Ozt 4 € Oyl 4 Oy?

We use (3.7) Theorem 3.9 in order to have the Lie algebra of infinitesimal automorphisms
of T to be the space generated by:

0 9 0 530 50 4i+i i i+2i
922" 003 02" g8 Y 8y3’m 5zt Y gyt o a2 Y 5y
0 0 9
27 27 = 2 2:3 o
Vo TV 8y1+(e )5962 ( ‘ +2y)3’y
i+ 2 0
a5 Y o

4. SOME PROPERTIES OF THE SET OF CONNECTIONS AND ASSOCIATED LIE ALGEBRAS

Here, we look at properties of the set of connections of Grifone on M. The situations are
the following, neither a sum nor a composition of two usual linear connections (the latter
does not even exist) is a linear connection. Unlike for the Grifone connections, here are
some remarkable properties that the usual linear connections cannot have in any case, these
are the following properties:

Proposition 4.1. The arithmetic mean of a non-empty family of Grifone connections is a
Grifone connection, the composition of an odd number of Grifone connections is one. That
is to say if T'1,..., Ty (resp. T1,...,Tays1) are such connections, then % (resp.
Tyo--0l941) is a connection of Grifone.

Proof. Tt is easy to check all the relations from the Definition 2.2 for these connections in
question. m

This proposition generates us many connections from those already given. Note that I' is
always invertible because I'2 = I where I is the identity mapping, the sum and composition
of two connections are not a connection. The multiplication by a real number of a connection
is a connection if and only if this number is equal to 1. We will note K the set of all
connections of Grifone on M. Now, we are looking for some algebraic structures on K. We
can build the smallest non-Abelian multiplicative group G containing K by the composition
of mappings. Then, the group (G, o) is composed by all connections, the identity which is
T'oI', I'y o'y which is locally of the form

. 0 ; 0 0
41 do' @ == —2 (T, = T4, ) da' @ =~ +d :
( ) x®8fﬂl 1z x®aj+y®az
where I‘jh and ng are the respective coefficients corresponding to I'y and I'p. This kind of
elements will be noted by V. According to Proposition 4.1, the composition on the left or
on the right of a connection with the latter is a connection.
Next, we propose to make the smallest Abelian & group containing K by the sum of two
applications. To do this, it must be for all t € Z, t.I' € &. Therefore, the following elements
that are written locally:
0
_9orJ _
2I dzt ® 3y
are in &. This kind of elements will in turn be denoted by -, besides the tangent structure
J € &. Moreover, there is a natural bijective correspondence between K and the set of all of
these v. We deduce that (G U &, +,0) is a ring. Moreover, we can construct (GU &, +,.) as
a vector space on R by replacing the set Z above by R. Thus, we establish the law [, ] defined
by [f,g] = fog—go fforall fge GUB, (GUB,+,.,[,]) is the smallest R-Lie algebra
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containing K for these corresponding laws. This is justified by the following multiplication
table:

[’ ] r | v 71
o v | 7 |5
Vol | 0|0

v || 0|0

We deduce that,

Proposition 4.2. The vector subspace of all v of (GU®,+,.) is an ideal of Lie algebra
(GUGB,+,.,[,]). The derivative ideal © of this last Lie algebra coincides with this vector
subspace which is in turn a characteristic ideal of GU®&. Then, all m-derivations of GU ®
restricted to this derivative ideal take its values in this ideal. All endomorphisms of ® are
m-derivations of © and G U & is solvable of order 2 (that is to say the derivative ideal of
the derivative ideal is reduced to zero). In addition, the centralizer of G U & is null.

We can say immediately that

Proposition 4.3. Let’s be a family of u Grifone connections where u is a nonzero natural
integer and for t € N such that 2t +1 < u, we have

hi+ -+ hy V1 Uy
Arit 4ry = ———————, ULyt fly = ——————————
u u u u
where h or v indexed by i or by the arithmetic mean of the big gammas is the horizontal

resp. vertical projector of I'; resp. of the arithmetic mean of the big gammas. More

2t+1
Arjooolay: = 22 (hio---ohgyy)—27" H ry —
w=1
_ H Ty, 0T, ...
1<w; <wa <2t+1
(4.2) —27! 11 Dy, 00Ty,
1<w) <we < - <woy <2t+1
and
2 2t+1
UT'yo.wolgryy = 22t (Ul ©--+0 U2t+l H Ty +
—1)3
+(2> H Ly, 0L, ...
1<w; <w2<2t+1
(_1)2t+1
(4.3) +i— 11 Ty 0w oDy,

1<w; <we <---<wa <241

We now propose to see some Lie algebras defined by the types of operations indicated above
for connections of Grifone, we denote by Rr the curvature of I':

Proposition 4.4. We give a family of u connections with a natural integer u # 0, then
X € Aryrovry if and only if Yo [ X, T (V)] = Y0 T [X,Y] for all Y € x(TM). In

particular, ﬂz 1 ¥r, C QIM- The curvature R of % is

1 [« 1 <
RF1+';+Fu = E ZRF‘ - Z . Z [Fl7F]]
i=1 1,j=1,1<j
Moreover, let t € N with 2t +1 < wu, ﬂ2t+12l C Q[plo olgeyy TMOTE preczsely zf locally

— i_0 i
X = filgg; € Ar,o.-ory,,, where the Ty, = dz' @ a ; — 2I', dxj ® a - — —dyt ® ay

(xn+z =y’ and 1‘”"‘1 = i ) for 1<i<n), then X verifies:

0X7
ox?

(4.4) =0, forn+1<i<2nandl1<j<n,
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2t+1 2t+1

an w+1 za ]wk w+1 _] aXi w111 1;ék 6Xj
(09 Gpe S G S ey, R S e O
w=1 1§z§2n 1<i<n w=1 n+1<7,<2n
form+1<j7<2n,1<k<nand
2t+1
Rrio...orgy = Z Rr, | - Z Rr, | + R/I‘lo---oFZtH»
i odd, i=1 i even, 1=2

where R’ an antisymmetric 2-vector form locally in (z7,y")1<qv<n Of the form

= 7R’,€d

/
Tyo---ol2¢ 41

oy’
with

plas ory,; or’
/7 _ w+v l wj
gk T Z(il) (ka 8y +ka a 1 ) -

w<v

2t+1 . .
or:, or: .
w—+v l l
o Z(_l) (FWJ Ay y +Fv] Ay )

w<v

these Fiuj are local coefficients of the connection I'y, where 1 < w < 2t + 1.

Proof. For the first assertion, just notice that X belongs to r,+.+r, if and only if Lx (Frtotlhu) =

0. Since the Lie derivative is R-linear, we find the result and ‘deduce the following asser-
tion. We can check that R = —% [I',T] for a connection I' by respecting the formulas on
the brackets of the following 1-vector forms: for all endomorphisms L, F of x (7TM) and
X,Y € x (TM), we have

[L,F](X,Y) = [LX,FY]+|FX,LY]+LF[X,Y]+FL[X,Y]-L[FX,Y]—
(4.6) — F[LX,Y] - L[X,FY] - F[X,LY],
(4.7) [X,L](Y) = [X,LY] - L[X,Y] cf. [2].

The following assertion follows from it.

We use the formulas (3.2), (3.3) and then (4.1) for all local coordinates to prove the state-
ments: "for all ¢ € N, we have ﬂl 1 "Ap, C Ao oTsyy, and the following. As for the last
statement, we rely on the formulas (2. 2) and (4.1). O

Remark 4.5. We find that we did not necessarily (;_; Mg, C ‘ﬁRrﬁ ~r, and ﬂ2t+1 Ng,, C
S:),tRl“l o-olgpq "

However, by the Proposition 4.4 and the formulas of (4.6), we have a remarkable result for
the Lie algebra 2p NNk of a family of Grifone connections:

Proposition 4.6. Let a family {T';}i=1,... . of Grifone connections, then

u
() g, N2AR,) C (‘JTRM mg[m> _
=1 w w

If all these T'; where 1 <i < 2t+1 (t > 0) are homogeneous of degree -1, then

2t+1 2t
RF] o---olaq1 — E Rri - § RF@' )
i odd, i=1 i even, 1=2

2t+1
ﬂ mRr Cle"lo S P and

2t+1

ﬂ (mRri mmpi) - (mRFlo---oF2t+1 mmr‘lo'“or2t+l) .

i=1
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Remark 4.7. We can replace an arithmetic mean by a weighted average in the last six
propositions without Proposition 4.2, so we find similar results with the introduction of the
respective weights of the connections in the calculation.
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Madagascar and Mr D. Pinchon, Researcher at Institut de Mathematiques, Université Paul
Sabatier Toulouse France, for their interests in this paper. I thank Mr. P. Lecomte, Professor
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